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Summary. Basic properties of the least common multiple and the greatest common
divisor. The lattice of natural numbers (LN) and the lattice of natural numbers greater than
zero (LN+ ) are constructed. The notion of the sublattice of the lattice of natural numbers is
given. Some facts about it are proved. The last part of the article deals with some properties of
prime numbers and with the notions of the set of prime numbers and then-th prime number.
It is proved that the set of prime numbers is infinite.

MML Identifier: NAT_LAT.

WWW: http://mizar.org/JFM/Vol3/nat_lat.html

The articles [10], [6], [12], [11], [1], [9], [2], [14], [4], [3], [7], [13], [5], and [8] provide the notation
and terminology for this paper.

In this papern, m, l , k, j denote natural numbers.
One can prove the following proposition

(2)1 If l ≥ 1, thenk · l ≥ k.

Let us considern. Thenn! is a natural number.
One can prove the following propositions:

(3) If l ≥ 1 andn≥ k · l , thenn≥ k.

(5)2 If l 6= 0, thenl | l !.

(8)3 If n 6= 0, then n+1
n > 1.

(9) k
k+1 < 1.

(10) For every natural numberl holdsl ! ≥ l .

(12)4 For allm, n such thatm 6= 1 holds ifm | n, thenm - n+1.

(13) j | l and j | l +1 iff j = 1.

1 The proposition (1) has been removed.
2 The proposition (4) has been removed.
3 The propositions (6) and (7) have been removed.
4 The proposition (11) has been removed.
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(15)5 For allk, j such thatj 6= 0 holds j | ( j +k)!.

(16) If j ≤ l and j 6= 0, then j | l !.

(17) For alll , j such thatj 6= 1 and j 6= 0 holds if j | l ! +1, then j > l .

(19)6 lcm(m, lcm(n,k)) = lcm(lcm(m,n),k).

(20) m | n iff lcm(m,n) = n.

(23)7 n |m andk |m iff lcm(n,k) |m.

(26)8 lcm(m,1) = m.

(27) lcm(m,n) |m·n.

(28) gcd(m,gcd(n,k)) = gcd(gcd(m,n),k).

(30)9 If n |m, then gcd(n,m) = n.

(32)10 m | n andm | k iff m | gcd(n,k).

(35)11 gcd(m,1) = 1.

(36) gcd(m,0) = m.

(37) lcm(gcd(m,n),n) = n.

(38) gcd(m, lcm(m,n)) = m.

(39) gcd(m, lcm(m,n)) = lcm(gcd(n,m),m).

(40) If m | n, then gcd(m,k) | gcd(n,k).

(41) If m | n, then gcd(k,m) | gcd(k,n).

(42) If m> 0, then gcd(0,m) > 0.

(43) If n > 0, then gcd(n,m) > 0.

(44) If m> 0 andn > 0, then lcm(m,n) > 0.

(45) lcm(gcd(n,m),gcd(n,k)) | gcd(n, lcm(m,k)).

(46) If m | l , then lcm(m,gcd(n, l)) | gcd(lcm(m,n), l).

(47) gcd(n,m) | lcm(n,m).

The binary operation hcfN onN is defined as follows:

(Def. 3)12 hcfN(m, n) = gcd(m,n).

The binary operation lcmN onN is defined by:

(Def. 4) lcmN(m, n) = lcm(m,n).

In the sequelp, q are elements of〈N, lcmN,hcfN〉.
Let m be an element of〈N, lcmN,hcfN〉. The functor@m yields a natural number and is defined

by:

5 The proposition (14) has been removed.
6 The proposition (18) has been removed.
7 The propositions (21) and (22) have been removed.
8 The propositions (24) and (25) have been removed.
9 The proposition (29) has been removed.

10 The proposition (31) has been removed.
11 The propositions (33) and (34) have been removed.
12 The definitions (Def. 1) and (Def. 2) have been removed.
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(Def. 5) @m= m.

Next we state three propositions:

(48) ptq = lcm(@p,@q).

(49) puq = gcd(@p,@q).

(52)13 For all elementsa, b of 〈N, lcmN,hcfN〉 such thatav b holds@a | @b.

The element0LN of 〈N, lcmN,hcfN〉 is defined as follows:

(Def. 6) 0LN = 1.

The element1LN of 〈N, lcmN,hcfN〉 is defined as follows:

(Def. 7) 1LN = 0.

One can prove the following two propositions:

(55)14 @(0LN) = 1.

(56) For every elementa of 〈N, lcmN,hcfN〉 holds0LN ua = 0LN andau0LN = 0LN .

The latticeLN is defined as follows:

(Def. 8) LN = 〈N, lcmN,hcfN〉.

One can verify thatLN is strict.
In the sequelp, q, r are elements ofLN.
We now state several propositions:

(60)15 LN is a lower bound lattice.

(61) lcmN(p, q) = lcmN(q, p).

(62) hcfN(q, p) = hcfN(p, q).

(63) lcmN(p, lcmN(q, r)) = lcmN(lcmN(p, q), r).

(64) lcmN(p, lcmN(q, r)) = lcmN(lcmN(q, p), r) and lcmN(p, lcmN(q, r)) = lcmN(lcmN(p, r),
q) and lcmN(p, lcmN(q, r)) = lcmN(lcmN(r, q), p) and lcmN(p, lcmN(q, r)) = lcmN(lcmN(r,
p), q).

(65) hcfN(p, hcfN(q, r)) = hcfN(hcfN(p, q), r).

(66) hcfN(p, hcfN(q, r)) = hcfN(hcfN(q, p), r) and hcfN(p, hcfN(q, r)) = hcfN(hcfN(p, r), q)
and hcfN(p, hcfN(q, r)) = hcfN(hcfN(r, q), p) and hcfN(p, hcfN(q, r)) = hcfN(hcfN(r, p), q).

(67) hcfN(q, lcmN(q, p)) = q and hcfN(lcmN(p, q), q) = q and hcfN(q, lcmN(p, q)) = q and
hcfN(lcmN(q, p), q) = q.

(68) lcmN(q, hcfN(q, p)) = q and lcmN(hcfN(p, q), q) = q and lcmN(q, hcfN(p, q)) = q and
lcmN(hcfN(q, p), q) = q.

The subsetN+ of N is defined by:

(Def. 9) For every natural numbern holdsn∈ N+ iff 0 < n.

13 The propositions (50) and (51) have been removed.
14 The propositions (53) and (54) have been removed.
15 The propositions (57)–(59) have been removed.
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One can check thatN+ is non empty.
Let D be a non empty set, letSbe a non empty subset ofD, and letN be a non empty subset of

S. We see that the element ofN is an element ofS.
Let D be a subset ofR. Observe that every element ofD is real.
Let D be a subset ofN. Observe that every element ofD is real.
A positive natural number is an element ofN+.
Let k be a natural number. Let us assume thatk > 0. The functor@k yielding an element ofN+

is defined by:

(Def. 10) @k = k.

Let k be an element ofN+. The functor@k yields a positive natural number and is defined by:

(Def. 11) @k = k.

In the sequelm, n denote positive natural numbers.
The binary operation hcfN+ onN+ is defined by:

(Def. 12) hcfN+(m, n) = gcd(m,n).

The binary operation lcmN+ onN+ is defined by:

(Def. 13) lcmN+(m, n) = lcm(m,n).

In the sequelp, q are elements of〈N+, lcmN+ ,hcfN+〉.
Let mbe an element of〈N+, lcmN+ ,hcfN+〉. The functor@myielding a positive natural number

is defined by:

(Def. 14) @m= m.

The following propositions are true:

(69) ptq = lcm(@p,@q).

(70) puq = gcd(@p,@q).

The latticeLN+ is defined as follows:

(Def. 15) LN+ = 〈N+, lcmN+ ,hcfN+〉.

One can check thatLN+ is strict.
Let L be a lattice. A lattice is called a sublattice ofL if it satisfies the conditions (Def. 16).

(Def. 16)(i) The carrier of it⊆ the carrier ofL,

(ii) the join operation of it= (the join operation ofL)�[: the carrier of it, the carrier of it :], and

(iii) the meet operation of it= (the meet operation ofL)�[: the carrier of it, the carrier of it :].

Let L be a lattice. Observe that there exists a sublattice ofL which is strict.
One can prove the following propositions:

(75)16 Every latticeL is a sublattice ofL.

(76) LN+ is a sublattice ofLN.

In the sequeln, i, k, k1, k2, m, l denote natural numbers.
The subset Prime ofN is defined by:

(Def. 17) For every natural numbern holdsn∈ Prime iff n is prime.

16 The propositions (71)–(74) have been removed.



THE LATTICE OF NATURAL NUMBERS AND THE . . . 5

Let us observe that there exists a natural number which is prime.
A prime number is a prime natural number.
In the sequelp, f are prime numbers.
Let us considerp. The functor Prime(p) yields a subset ofN and is defined as follows:

(Def. 19)17 For every natural numberq holdsq∈ Prime(p) iff q < p andq is prime.

Next we state a number of propositions:

(77) Prime(p)⊆ Prime.

(78) For every prime numberq such thatp < q holds Prime(p)⊆ Prime(q).

(79) Prime(p)⊆ Segp.

(80) Prime(p) is finite.

(81) For everyl there existsp such thatp is prime andp > l .

(84)18 Prime6= /0.

(85) {k : k < 2 ∧ kis prime}= /0.

(86) For everyp holds{k : k < p ∧ kis prime} ⊆ N.

(87) For everym holds{k : k < m ∧ kis prime} ⊆ Segm.

(88) For everym holds{k : k < m ∧ kis prime} is finite.

(89) For every prime numberf holds f /∈ {k : k < f ∧ kis prime}.

(90) For everyf holds{k : k < f ∧ kis prime}∪{ f} is finite.

(91) For all prime numbersf , g such thatf < g holds{k1 : k1 < f ∧ k1is prime}∪{ f} ⊆ {k2 :
k2 < g ∧ k2is prime}.

(92) For everyk such thatk > m holdsk /∈ {k1 : k1 < m ∧ k1is prime}.

Let us considern. The functor pr(n) yields a prime number and is defined by:

(Def. 20) There exists a finite setB such thatB = {k : k < pr(n) ∧ kis prime} andn = cardB.

The following propositions are true:

(93) Prime(p) = {k : k < p ∧ kis prime}.

(94) Prime is infinite.

(95) For everyi such thati is prime and for allm, n such thati |m·n holdsi |mor i | n.

REFERENCES

[1] Grzegorz Bancerek. Cardinal numbers.Journal of Formalized Mathematics, 1, 1989.http://mizar.org/JFM/Vol1/card_1.html.

[2] Grzegorz Bancerek. The fundamental properties of natural numbers.Journal of Formalized Mathematics, 1, 1989. http://mizar.
org/JFM/Vol1/nat_1.html.

[3] Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite sequences.Journal of Formalized Mathematics,
1, 1989.http://mizar.org/JFM/Vol1/finseq_1.html.
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