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Summary. Basic properties of the least common multiple and the greatest common
divisor. The lattice of natural numbersy) and the lattice of natural numbers greater than
zero (Ly+) are constructed. The notion of the sublattice of the lattice of natural numbers is
given. Some facts about it are proved. The last part of the article deals with some properties of
prime numbers and with the notions of the set of prime numbers anatth@rime number.

It is proved that the set of prime numbers is infinite.

MML Identifier: NAT_LAT.

WWW: http://mizar.org/JFM/Vol3/nat_lat.html

The articles[[10],[[6],[[12],[T14],T0],[101,12],114],141,18],[17],[13],[[5], and_[8] provide the notation
and terminology for this paper.

In this papemn, m, I, k, j denote natural numbers.

One can prove the following proposition

@ 1f1>1 thenk-1 > k.

Let us considen. Thenn! is a natural number.
One can prove the following propositions:

(3) Ifl>1andn>Kk-I,thenn> k.

(5P 1f 10, thenl |11,

@BF 11 n#0 then™? > 1

9 <1
(10) For every natural numbéioldsli! > 1.
(12@ For allm, n such tham+ 1 holds ifm| n, thenm¢ n+ 1.
(13) j|landj|l+1iff j=1.

1 The proposition (1) has been removed.

2 The proposition (4) has been removed.

3 The propositions (6) and (7) have been removed.
4 The proposition (11) has been removed.
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(15f] Forallk, j such thatj # 0 holdsj | (j+k)!.
(16) If j<landj#0,thenj|Il.
(17) Foralll, j suchthatj # 1 andj #0 holds ifj | I! + 1, thenj > 1.
(29F] lem(m,lem(n,k)) = lem(lem(m,n), k).
(20) mj|nifflcm(mn) =n.
23)] n|mandk|miff lcm (n,k) | m.
26f] lem(m1)=m
(27) lem(m,n) | m-n.
(28) gcdm,ged(n, k)) = gedgedm, n), k).
(30 If n| m, then gcdn,m) =n.
(32f9 m|nandm|kiff m|gcdn,k).
35 gedm,1) = 1.
(36) gcdm,0) =m.
(37) lem(gcdm,n),n) =n.
(38) gecdm,lem(m,n)) =m.
(39) gcdm,lem(m,n)) = lem(gcdn,m), m).
(40) If m|n, then gcdm k) | gcd(n, k).
(41) If m|n, then gcdk,m) | gcd(k, n).
(42) If m> 0, then gcd0,m) > 0.
(43) Ifn> 0, then gcdn,m) > 0.
(44) Ifm>0andn> 0, then Icrm,n) > 0.
(45) lecm(ged(n,m),gcd(n,k)) | gcd(n,lcm(m,k)).
(46) Ifm|l, thenlcmm,gcdn,l)) | gedlem(m,n),1).
(47) gcdn,m) | lcm(n,m).
The binary operation hgfon N is defined as follows:
(Def. 3 hcfiy(m, n) = gcdm,n).
The binary operation Icsnon N is defined by:
(Def. 4) lemy(m, n) = lecm(m,n).

In the sequep, g are elements ofN, lcmy, hcfy).
Let mbe an element ofN, Ilcmy, hcfy). The functor®myields a natural number and is defined

by:

5 The proposition (14) has been removed.

6 The proposition (18) has been removed.

7 The propositions (21) and (22) have been removed.

8 The propositions (24) and (25) have been removed.

9 The proposition (29) has been removed.

10 The proposition (31) has been removed.

11 The propositions (33) and (34) have been removed.

12 The definitions (Def. 1) and (Def. 2) have been removed.
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(Def.5) @m=m.

Next we state three propositions:
(48) puq=Icm(®p,®q).
(49) png=gcd®@p,®@q).
(523 For all elements, b of (N,lcmy, hefiy) such thae C b holds@a | @b.
The elemen@y; of (N,lcmy, hcfy) is defined as follows:
(Def.6) 0Oy, =1
The elemently; of (N,lcmy, hcfy) is defined as follows:
(Def.7) 1, =0.
One can prove the following two propositions:
(5514
(56) For every elemerst of (N, lcmy, hcfy) holdsOy, Ma= 0, andam O, = Op.
The latticelLy is defined as follows:
(Def. 8) Ly = (N,lcmy, hcfy).

One can verify thaly is strict.
In the sequep, q, r are elements df.y.
We now state several propositions:

(60 Ly is a lower bound lattice.

(61) lemy(p, q) = lemx(q, p)-
(63) lemy(p, lemy(q, 1)) = lemy(lemy(p, ), ).

r)
(64) lemy(p, lemy(q,r)) = lemy(lemy(q, p), r) and lemy(p, lcmy(g, r)) = lem
q)) ar;d lemy(p, lemy(q, 1)) = lemy(lemy(r, q), p) and lemyg(p, lemy(q, r)) = lemy(lemy(r,
p);q)-

(65) hcfy(p, hefy(q, r)) = hefy(hefu(p, 9), 1).

(66) hcky(p, hefy(g,r)) = hefiv(hefy(g, p), r) and hefi(p, hefi(g, ) = hefiv(hefy(p, 1)
and hefi(p, hefiy(q, r)) = hefy(hef(r, @), p) and hefi(p, hefi(g, r)) = hefiy(hefiy(r, p),
(p,

(67) hcki(g, lemy(g, p))

=g and hcf(lemy
a)=q.

hefiy(lemy(q, p),
(68) lemy(g, hefiy(g, p)) = g and Iemy(hefy(p, g), 9) = g and lemy(q, hefs(p, 9)) = g and
lcmy (hefiv(g, p), 0) =a.

The subseRN™ of N is defined by:

(Def. 9) For every natural numberholdsn € N iff 0 < n.

13 The propositions (50) and (51) have been removed.
14 The propositions (53) and (54) have been removed.
15 The propositions (57)—(59) have been removed.

('CmN(D7 r,

a),q) = g and hcf(q, lcmy(p, 9)) = q and
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One can check th&f™ is non empty.

Let D be a non empty set, I&be a non empty subset Bf, and letN be a non empty subset of
S We see that the element Nfis an element o0&

Let D be a subset dR. Observe that every elementDfis real.

Let D be a subset df. Observe that every elementDfis real.

A positive natural number is an elementhof.

Letk be a natural number. Let us assume #at0. The functor@k yielding an element o+
is defined by:

(Def. 10) @k =k.
Letk be an element dit. The functor@k yields a positive natural number and is defined by:
(Def. 11) @k =k

In the sequein, n denote positive natural numbers.
The binary operation hgf onNT is defined by:

(Def. 12) hcf+(m, n) = gcdm,n).
The binary operation Icgy onN™ is defined by:
(Def. 13) lecmy+ (m, n) = lem(m,n).

In the sequep, g are elements ofN*, lcmy+, hcfy+).
Letmbe an element ofN*, lcmy: , hcfy: ). The functor®myielding a positive natural number
is defined by:

(Def. 14) @m=m.
The following propositions are true:
(69) puLq=lcm(@p,®q).
(70) prig=gcd®@p, @q).
The latticeLy+ is defined as follows:
(Def. 15) L+ = (N, lemy+, hefy+ ).

One can check thdty+ is strict.
LetL be a lattice. A lattice is called a sublatticeloff it satisfies the conditions (Def. 16).

(Def. 16)()) The carrier of itC the carrier ofL_,
(i) the join operation of it= (the join operation ot.)[[: the carrier of it, the carrier of it:and
(i) the meet operation of i= (the meet operation df) [[: the carrier of it, the carrier of it:

LetL be a lattice. Observe that there exists a sublattidewhich is strict.
One can prove the following propositions:

(75 Every latticel is a sublattice of..
(76) Ly+ is a sublattice ofy.

In the sequeh, i, k, kg, ko, m, | denote natural numbers.
The subset Prime df is defined by:

(Def. 17) For every natural numbaroldsn € Prime iff n is prime.

16 The propositions (71)—(74) have been removed.
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Let us observe that there exists a natural number which is prime.

A prime number is a prime natural number.

In the sequep, f are prime numbers.

Let us considep. The functor Primép) yields a subset df and is defined as follows:

(Def. 19@ For every natural numberholdsq € Primg p) iff g < p andqis prime.

Next we state a number of propositions:

(77) Primép) C Prime.

(78) For every prime numbeysuch thatp < g holds Primé¢p) C Prime(q).

(79) Primép) C Segp.

(80) Primép) is finite.

(81) For every there exist9 such thatp is prime andp > I.
(84@ Prime# 0.

(85) {k:k< 2 A kis prime} = 0.

(86) Foreveryp holds{k: k< p A kis prime} C N.

(87) Foreverynholds{k:k < m A kis prime} C Segnm.

(88) Foreverymholds{k: k< m A kis prime} is finite.

(89) For every prime numberholdsf ¢ {k:k< f A kis prime}.

(90) For everyf holds{k: k< f A kis prime} U{f} is finite.

(91) For all prime number$, g such thatf < gholds{ky : ks < f A kqis primef U{f} C {k>:

ko < g A kois prime}.

(92) For everyk such thak > mholdsk ¢ {kj : k1 <m A kjis prime}.

Let us considen. The functor pfn) yields a prime number and is defined by:

(Def. 20) There exists a finite sBtsuch thaB = {k: k < pr(n) A kis prime} andn = cardB.

The following propositions are true:

(93) Primép) ={k:k< p A kis prime}.

(94) Prime is infinite.

(95) For everyi such that is prime and for allm, n such thai | m-n holdsi | mori | n.

(1
(2]

(3]

(4
5]
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