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Summary. This article is a continuation of [5]. We have established a one-to-one
correspondence between midpoint algebras and groups with the operator 1/2. In general we
shall say that a given midpoint algebvhand a groujy arew-assotiated iffv is an atlas from
M to V. At the beginning of the paper a few facts which rather belonglto e proved.

MML Identifier: MIDSP_2.

WWW: http://mizar.org/JFM/Vol3/midsp_2.html

The articlesl[3],[[7],2],I[1], 6], [4], and[[5] provide the notation and terminology for this paper.
For simplicity, we adopt the following rules denotes a non empty loop structuxedenotes
an element o6, M denotes a non empty midpoint algebra structpre, r denote points oM, and
w denotes a function frorpithe carrier oM, the carrier oM ] into the carrier ofG.
Let us conside6, x. The functor 2 yielding an element of is defined as follows:

(Def. 1) X=X+X.

Let us consideM, G, w. We say thaM, G are associated w.riv if and only if:
(Def. 2) p@q=riff w(p,r)=w(r,q).

The following proposition is true

(1) If M, G are associated w.r, thenp@ p = p.

We use the following conventior8denotes a non empty set,b, b/, c, ¢, d denote elements of
S, andw denotes a function frorS, S into the carrier ofG.

Let us consideB, G, w. We say thatv is an atlas of§5, G if and only if the conditions (Def. 3)
are satisfied.

(Def. 3)(i) For alla, x there existd such thaw(a, b) = x,
(i) forall a, b, c such thaw(a, b) = w(a, c) holdsb = c, and
(iii) forall a, b, c holdsw(a, b) +w(b, c) =w(a, c).

Let us considefS, G, w, a, X. Let us assume that is an atlas ofS, G. The functor(a,x).w
yielding an element aBis defined by:

(Def. 4) w(a, (a,X).w) =X.

In the sequels denotes an add-associative right zeroed right complementable non empty loop
structurex denotes an element &, andw denotes a function frorhS, S] into the carrier ofG.
The following propositions are true:
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(2) 2(0g)=0c.
@] 1f wis an atlas o8, G, thenw(a, a) = Oc.

(5) Ifwisan atlas o5 G andw(a, b) = Og, thena=h.

(6) If wis an atlas of5, G, thenw(a, b) = —w(b, a).

(7) Ifwisan atlas o5, G andw(a, b) = w(c, d), thenw(b, a) = w(d, c).

(8) If wisan atlas of5, G, then for allb, x there exista such thatv(a, b) = x.
(9) Ifwisan atlas o5, G andw(b, a) = w(c, a), thenb=c.

(10) Letw be a function fronj. the carrier oM, the carrier oM ] into the carrier of5. Suppose
wis an atlas of the carrier &fl, G andM, G are associated w.riv. Thenp@q=q@p.

(11) Letw be a function fronj. the carrier oMM, the carrier oM ] into the carrier of5. Suppose
w is an atlas of the carrier &fl, G andM, G are associated w.rw. Then there exists such
thatr @ p=q.

In the sequeG is an add-associative right zeroed right complementable Abelian non empty loop
structure and is an element of.
The following propositions are true:

(13E] Let G be an add-associative Abelian non empty loop structurexapd, t be elements of
G. Then(x+y) +(z+1) =X+2z+ (y+1).

(14) For every add-associative Abelian non empty loop structuaed for all elementsg, y of
G holds 2x+Yy) = 2x+ 2y.

(15) 2(—x)=—2x.

(16) Letw be a function fron: the carrier oM, the carrier oM ] into the carrier of5. Suppose
wis an atlas of the carrier &fl, G andM, G are associated w.riv. Leta, b, ¢, d be points of
M. Thena@b=c@d if and only if w(a, d) = w(c, b).

In the sequelv denotes a function frorhS, S into the carrier ofG.
One can prove the following proposition

(17) If wis an atlas ofS, G, then for alla, b, b, c, ¢’ such thatw(a, b) = w(b, ¢) andw(a,
b) =w(b, ¢’) holdsw(c, ¢') = 2w(b, ).

We use the following conventio denotes a midpoint algebra apgdq, r, s denote points of
M.

Let us consideM. Observe that vectgroly is Abelian, add-associative, right zeroed, and right
complementable.

We now state the proposition

(18)(i) For every seh holdsais an element of vectgroly iff ais a vector ofM,
(i) Ovectgroupn = Im, and
(i)  for all elementsa, b of vectgroupM and for all vectorx, y of M such thab = xandb =y
holdsa+b = x+y.

Let I1 be a non empty loop structure. We say thats midpoint operator if and only if the
conditions (Def. 5) are satisfied.

(Def.5)() For every elemerd of 1, there exists an elemerbf I; such that = a, and
(i) forevery elementof I such that 2= 0,) holdsa=0,).

1 The proposition (3) has been removed.
2 The proposition (12) has been removed.
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Let us observe that every non empty loop structure which is midpoint operator is also Fanoian.

Let us mention that there exists a non empty loop structure which is strict, midpoint operator,
add-associative, right zeroed, right complementable, and Abelian.

In the sequeG denotes a midpoint operator add-associative right zeroed right complementable
Abelian non empty loop structure ardy denote elements @.

We now state two propositions:

(19) LetG be a Fanoian add-associative right zeroed right complementable non empty loop
structure anc be an element d&. If x= —x, thenx = Og.

(20) LetG be a Fanoian add-associative right zeroed right complementable Abelian non empty
loop structure and, y be elements o6. If 2x = 2y, thenx =Y.

Let G be a midpoint operator add-associative right zeroed right complementable Abelian non
empty loop structure and letbe an element os. The functor%x yielding an element o6 is
defined as follows:

(Def. 6) 2x=x.
The following propositions are true:
(21) 3(0g) =0g and3(x+y) = 3x+ syand if 3x= Jy, thenx=y and12x = x.

(22) LetM be a non empty midpoint algebra structure anlde a function fronf:the carrier of
M, the carrier oM ] into the carrier of5. Supposev is an atlas of the carrier &fl, G andM,
G are associated w.rwv. Leta, b, ¢, d be points oM. Then(a@b) @ (c@d) =a@c®@(b@d).

(23) LetM be a non empty midpoint algebra structure anlde a function fronf.the carrier of
M, the carrier ofM ] into the carrier ofG. Supposev is an atlas of the carrier &, G and
M, G are associated w.riv. ThenM is a midpoint algebra.

Let us consideM. Observe that vectgrody is midpoint operator.
Let us consideM, p, . The functorgP yielding an element of vectgrotp is defined as follows:

(Def.7) P =[p.q.

Let us consideM. The functor vedi yielding a function froni: the carrier oM, the carrier of
M ] into the carrier of vectgrouy is defined by:

(Def. 8) (vectM)(p,q) = m
One can prove the following propositions:
(24) veciM is an atlas of the carrier &fl, vectgroupM.
25) [p.q =g iff p@s=q@r.
(26) p@q=riff [p,r] =[r.q].
(27) M, vectgroupM are associated w.r.t. vedt

In the sequelv is a function from: S, S] into the carrier ofG.
Let us considess, G, w. Let us assume that is an atlas o5, G. The functor@w yielding a
binary operation oi%is defined as follows:

(Def. 9) w(a, (®w)(a, b)) = w((®w)(a, b), b).
We now state the proposition

(28) Ifwis an atlas of, G, then for alla, b, ¢ holds(@w)(a, b) = ciff w(a, c) = w(c, b).
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Let D be a non empty set and Ibt be a binary operation ob. Observe thatD,M) is non
empty.

Let us consideB, G, w. The functor Atlasv yields a function fror: the carrier of(S @w), the
carrier of(S,@w) ] into the carrier ofG and is defined by:

(Def. 10) Atlasv=w.

We now state the proposition
(32 If wis an atlas o, G, then(S,@w), G are associated w.r.t. Atlas

Let us consideB, G, w. Let us assume that is an atlas of5, G. The functor MidSgw) yields
a strict midpoint algebra and is defined by:

(Def. 11) MidSgw) = (S, @w).

We adopt the following ruledyl is a non empty midpoint algebra structungs a function from
[ the carrier oM, the carrier oM ] into the carrier ofG, anda, b, by, by, ¢ are points oM.
Next we state the proposition

(33) M is a midpoint algebra if and only if there exigBsand there exists such thatw is an
atlas of the carrier ofl, G andM, G are associated w.rav.

Let M be a non empty midpoint algebra structure. We introduce atlas structuresiavbich
are systems

(an algebra, a functiop
where the algebra is a non empty loop structure and the function is a functior} thentarrier of
M, the carrier oM ] into the carrier of the algebra.

Let M be a non empty midpoint algebra structure andslée an atlas structure ovist. We say
thatl, is atlas-like if and only if the conditions (Def. 12) are satisfied.

(Def. 12)()) The algebra of; is midpoint operator, add-associative, right zeroed, right comple-
mentable, and Abelian,
(i) M, the algebra of; are associated w.r.t. the functionlgf and
(iii)  the function ofl is an atlas of the carrier &fl, the algebra of;.

Let M be a midpoint algebra. One can check that there exists an atlas structuhé wech is
atlas-like.

Let M be a non empty midpoint algebra. An atlaswis an atlas-like atlas structure ovdr.

Let M be a non empty midpoint algebra structure andNebe an atlas structure ovét. A
vector ofW is an element of the algebra \bf.

LetM be a midpoint algebra, I8Y be an atlas structure ovkt, and leta, b be points oM. The
functorW(a, b) yields an element of the algebraWfand is defined by:

(Def. 13) W(a, b) = (the function ofW)(a, b).

Let M be a midpoint algebra, 18V be an atlas structure ovbft, leta be a point ofM, and letx
be a vector oWW. The functor(a, x).W yields a point oM and is defined as follows:

(Def. 14) (a,x).W = (a,x).the function ofW.

Let M be a midpoint algebra and & be an atlas oM. The functor @, yields a vector ofV
and is defined as follows:

(Def. 15) Qv = One aigebra of-

We now state two propositions:

(34) Supposev is an atlas of the carrier d, G and M, G are associated w.r.tw. Then
a@c=1h; @b, if and only ifw(a, ) = w(a, by) +w(a, by).

3 The propositions (29)—(31) have been removed.
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(35) Supposevis an atlas of the carrier ™, G andM, G are associated w.rv. Thena@c=b
if and only if w(a, ¢) = 2w(a, b).

For simplicity, we adopt the following rule$/ denotes a midpoint algebnd/ denotes an atlas

of M, a, b, bz, by, ¢, d denote points oM, andx denotes a vector oW.

[1

2

3

[4

[5

6

7

We now state several propositions:
(36) a@c=b; @y, iff W(a, c) =W(a, by)+W(a,by).
(37) a@c=hiff W(a,c)=2W(a,b).

(38)(i) For alla, x there existd such thaiV(a, b) = x,

(i) forall a, b, csuch thawW(a, b) =W(a, ¢) holdsb = c, and

(i) forall a, b, choldsW(a, b) +W (b, c) =W(a, c).

(39) W(a,a) = 0w and if W(a, b) = Ow, thena=b andW(a, b) = —W(b, a) and if W(a,
b) =W(c, d), thenW(b, a) = W(d, c) and for allb, x there existsa such that\W(a, b) = x
and ifW(b, a) = W(c, a), thenb = c anda@b = ciff W(a, ¢) =W(c, b) anda®b=c@d
iff W(a, d) =W(c, b) andW(a, b) = xiff (a,x).W =h.

(40) (a,0w)W=a
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