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The articles|[9],[10],2],13], 18], [11], 1], 7], %], [6], and.[4] provide the notation and terminol-
ogy for this paper.

We adopt the following conventiom; ry, r2, g, 91, g2, Xo denote real numbers arfg, f, denote
partial functions fronRR to R.

We now state a number of propositions:

(1) Letsbe asequence of real numbers dble a set. Suppose rag. dom(f,- f1)NX. Then
rngs C dom(fz- f1) and rngs C X and rngs C domf; and rngs C domfiNX and rng fs-s) C
domfs.

(2) Letsbe a sequence of real numbers 2ade a set. If rng C dom(f,- f1) \ X, then
rngs C dom(f, - f1) and rngs C domf; and rngs C domfs \ X and rnd f1 - s) C domfs.
(3) Suppose that
(i) fqisdivergent intoo to +oo,
(i)  fois divergent intoo to +o0, and
(iii)  for everyr there existg such that < gandg € dom(f;,- f1).
Thenf;, - f is divergent int-oo to +oo.

(4) Suppose that
(i) f1isdivergent intoo to +oo,
(i)  fis divergent irHo to —oo, and
(iii)  for everyr there existg such thar < g andg € dom(f;- f1).
Thenf,- f is divergent int-o to —oo.

(5) Suppose that
(i) fyisdivergent int-oo to —oo,
(i) fyis divergentin—c to 4o, and
(iiiy  for everyr there existg such thar < g andg € dom(f;,- f1).
Thenf, - f1 is divergent in4-oco to +oo.
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(6) Suppose that
(i) fyisdivergentintoo to —oo,
(i)  fois divergent in—o to —oo, and
(i)  for everyr there existg such that < gandg € dom(f;,- f1).
Thenf;,- f; is divergent in4-o to —oo,

(7) Suppose that
(i) fqisdivergentin—oo to +oo,
(i)  fis divergent ir4o to 40, and
(iii)  for everyr there existg such thag < r andg € dom(f; - f1).
Thenf,- f is divergent in—oo to +oo.

(8) Suppose that
(i) fqisdivergent in—oo to oo,
(i) fyis divergent it to —oo, and
(iiiy  for everyr there existg such thag < r andg € dom(f;- f1).
Thenf,- f1 is divergent in—oo to —co.

(9) Suppose that
(i) fyisdivergentin—oo to —oo,
(i)  fois divergent in—oo to +oo, and
(iii)  for everyr there existg such thag < r andg € dom(f;- f1).
Thenf; - f1 is divergent in—co to +-co.

(10) Suppose that
(i) fqisdivergentin—oco to —oo,
(i)  fpis divergent in—oo to —oo, and
(iiiy  for everyr there existg such thag < r andg € dom(f; - f1).
Thenf,- f is divergent in—o to —oo.

(11) Suppose that
(i) fqisleft divergent totoeo in X,
(i) fyis divergent ir4o to 400, and
(iiiy  for everyr such thar < xg there existg such thar < g andg < xg andg € dom(f; - f1).
Thenf, - f; is left divergent tot-co in xg.

(12) Suppose that
(i) fqisleft divergent toto in Xo,
(i) fyis divergent ind-o to —oo, and
(iii)  for everyr such thar < xg there existg such that < g andg < xp andg € dom(fz- f1).
Thenf,- f1 is left divergent to—oo in xg.

(13) Suppose that
(i) fqis left divergent to—oo in X,
(i)  fpis divergent in—oo to +o0, and
(iiiy  for everyr such thar < xg there existg such thar < g andg < xg andg € dom(f; - f1).
Thenf, - f; is left divergent to+o in .
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(14) Suppose that
(i) fyisleft divergent to—oo in X,
(i)  fois divergent in—o to —oo, and
(i)  for everyr such thar < xg there existg such that < g andg < xp andg € dom(fz- f1).
Thenf; - f1 is left divergent to—o in Xxg.

(15) Suppose that
(i) fqisright divergent to+-oo in Xp,
(i) fis divergent ir4o to 40, and
(iiiy  for everyr such thakg < r there existg such thag < r andxy < g andg € dom(f; - f1).
Thenf, - f; is right divergent to+- in Xg.

(16) Suppose that
(i) fqisright divergent tot in X,
(i)  fyis divergent it to —oo, and
(iiiy  for everyr such thakg < r there existg such thag < r andxy < g andg € dom(f; - f1).
Thenf, - f1 is right divergent to—co in xg.

(17) Suppose that
(i) fyisright divergent to- in Xg,
(i)  fois divergent in—oo to +oo, and
(iii)  for everyr such thatg < r there existg such thag < r andxp < g andg € dom(fz- f1).
Thenf, - f; is right divergent tot- in Xg.

(18) Suppose that
(i) fqisright divergent to—c in Xp,
(i)  fpis divergentin—oo to —oo, and
(iiiy  for everyr such thatg < r there existg such thag < r andxy < g andg € dom(f; - f1).
Thenf,- f; is right divergent to-co in xg.

(19) Suppose that
(i) fqisleft convergenting,
(i)  faisleft divergent toteo in lim, - fi,

(iiiy  for every r such that < xg there existg such that < g andg < xp andg € dom(fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N]xg — g,%o[ holds
fi(r) <limy- f1.

Thenf, - f; is left divergent tot-co in xg.

(20) Suppose that
(i) f1isleft convergent i,
(i)  faisleft divergent to—co in lim, - fi,

(iiiy  for every r such thatr < xg there existg such that < g andg < xp andg € dom( fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xg — g,%o[ holds
fi(r) <limy,- f1.

Thenf, - f; is left divergent to—co in xg.
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(21) Suppose that
(i) fyisleft convergenting,
(i)  faisright divergent tot-eo in lim, - fi,

(i)  for everyr such thar < xg there existg such thar < g andg < xp andg € dom( fz - f1),
and

(iv) there existsy such that 0< g and for everyr such thatr € domf; N xp — g, %[ holds
limy,- f1 < fy(r).

Thenf,- f; is left divergent tot- in Xg.

(22) Suppose that
(i) fqis left convergent i,
(i)  faisright divergent to-ooin lim, - fi,

(iii)  for every r such thatr < xg there existg such that < gandg < xp andg € dom(f, - f1),
and

(iv) there existsy such that 0< g and for everyr such thatr € domf; N ]xp — g,%o[ holds
limy,- f1 < fy(r).

Thenf;,- f; is left divergent to—co in Xg.

(23) Suppose that
(i) fqisright convergent irxg,
(i)  faisright divergent toteoin limy + f1,

(iiiy  for every r such that < r there existgy such thag < r andxg < g andg € dom(fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xp, %o + g[ holds
Iimxo+ f1 < fl(r).

Thenf, - f; is right divergent tot-co in xg.

(24) Suppose that
(i) fqisright convergent inxg,
(i)  faisrightdivergent to-coin lim, : fi,

(iiiy  for every r such thatg < r there existg such thag < r andxg < g andg € dom( fz - f1),
and

(iv) there existsy such that 0< g and for everyr such thatr € domf; N |xg, %o + g[ holds
Iimxo+ f1 < fl(r).

Thenf, - f1 is right divergent to-co in xg.

(25) Suppose that
(i) fyisright convergent inxg,
(i)  faisleft divergent totoo in limy + f1,

(iii)  for everyr such that < r there existg such thag < r andxp < g andg € dom( f; - f1),
and

(iv) there existsy such that O< g and for everyr such thatr € domf; N ]xo, %o + g[ holds
f]_(l’) < Iimxo+ f1.

Thenf,- f; is right divergent tot- in Xg.
(26) Suppose that
(i) fqisright convergent i,
(i)  fzis left divergent to—oco in lim,+ fy,
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(iiiy  for every r such that < r there existg such thag < r andxg < gandg € dom(f, - f1),
and
there existsg such that O< g and for everyr such thatr € domf; N]xo,Xo + g[ holds

(iv)
fl(r) < IimXO+ fi.
Thenf,- f1 is right divergent to-co in xg.

(27) Suppose that
(i) f1is convergent intoo,
(i) fis left divergent tot-co in lim o f1,
(iiiy  for everyr there existg such thar < g andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domfiN]r, 4o holds f1(9) < liM ;. f1.

Thenf,- f1 is divergent int-o to +oo.

(28) Suppose that
(i) f1is convergent intoo,
(i)  fois left divergent to—o in lim o f1,
(iiiy  for everyr there existg such thar < g andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domfiN]r, 4o holds f1(g) < lim ;. f1.

Thenf,- f is divergent in4-o to —oo.

(29) Suppose that
(i) fqis convergent intoo,
(i) f,isright divergent toto in lim ., fq,
(iii)  for everyr there existg such thar < g andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domfiN]r, 4o holds lim, . f1 < f1(Q).

Thenf; - f1 is divergent intoo to +oo.

(30) Suppose that
(i) fq1is convergent intoo,
(i)  fpisright divergent to—o in lim o f1,
(iii)  for everyr there existg such thatr < gandg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domf;N]r, 4o holds lim, . f1 < f1(Q).

Thenf; - f1 is divergent intoo to —oo.

(31) Suppose that
(i) fq1is convergent in-oo,
(i)  fyisleft divergent tot-oo in lim_, fq,
(i)  for everyr there existg such thag < r andg € dom(f,- f;), and
(iv) there exists such that for everg such thag € domf; N]—oo, r[ holds f1(g) < lim_o f1.

Thenf, - f1 is divergent in—oo to +oo.

(32) Suppose that
(i) fyis convergentin-oo,
(i)  fois left divergent to—co in lim_q f1,
(i)  for everyr there existg such thag < r andg € dom(f,- f;), and
(iv) there exists such that for everg such thag € domf; N]—oo,r[ holds f1(g) < lim_e f1

Thenf,- f1 is divergent in—o to —co.



THE LIMIT OF A COMPOSITION OF REAL FUNCTIONS 6

(33) Suppose that
(i) f1is convergentin-co,
(i)  foisright divergent tot-o in lim_ fy,
(i)  for everyr there existg such thag < r andg € dom(f,- f;), and
(iv) there exists such that for everg such thag € domf; N]—eco, r holds lim_. f1 < f1(g).
Thenf, - f1 is divergent in—co to +-co.

(34) Suppose that
(i) fyis convergentin-oo,
(i)  fpisright divergent to—o in lim_ fy,
(iii)  for everyr there existg such thag < r andg € dom(f,- f;), and
(iv) there exists such that for everg such thag € domf;N]—co, r[ holds lim_., f1 < f1(g).
Thenf,- f1 is divergent in—co to —co.

(35) Suppose that
(i) fqis divergent toto in X,
(i) fis divergent 4o to 40, and

(i) forall rq, ro such thatr; < xg andxg < r» there exisygs, gz such thar; < g; andg; < X
andg; € dom(f,- f1) andgz < rp andxp < g2 andgp € dom(f,- f1).

Thenf, - f1 is divergent to+oo in Xg.

(86) Suppose that
(i) fyisdivergent tot+oo in g,
(iiy fyis divergent it to —oo, and

(i) forall rq, ro such thar; < xg andxg < r, there exisgs, gz such thar; < g; andg: < Xo
andg; € dom(f;- f1) andgy < rz andxp < gz andg € dom(f, - f1).

Thenf,- f1 is divergent to— in Xg.

(37) Suppose that
(i) f1isdivergent to— in Xg,
(i)  fois divergent in—oo to +o0, and

(i) forall rq, ro such thar; < xg andxg < r2 there exisg, gz such thar; < g; andg: < Xo
andg; € dom(f,- f1) andgy < rp andxp < gy andgp € dom(f;, - f1).

Thenf,- f1 is divergent to+o in Xg.

(38) Suppose that
(i) fqisdivergent to—oo in Xo,
(i)  fpis divergent in—oo to —oo, and

(i) forall rq, ro such thary < xg andxg < r there exisys, g2 such thar; < g; andg; < Xo
andg; € dom(f,- f1) andgz < rp andxp < g2 andgp € dom(fy- f1).

Thenf, - f1 is divergent to—o in Xg.

(39) Suppose that
(i) f1is convergent ing,
(i)  fais divergent tot-co in limy, f1,

(i)  forall rq, rp such thar; < xg andxg < r» there exisgy, gz such thatr; < g; andg; < X
andg; € dom(f;- f1) andg, < rz andxp < g2 andg, € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domfiN (Jxo— g, X%o[U]X0,Xo+d[)
holds f1(r) # limy, 1.

Thenf, - f1 is divergent to+o in Xg.
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(40) Suppose that
(i) fyis convergenting,
(i)  fais divergent to—co in limy, f1,

(i) forall rq, ro such thatr < xg andxg < r» there exisy, g2 such thar; < g1 andg: < Xo
andg; € dom(f,- f1) andg, < rp andxg < gy andg, € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domfiN (]xo—g,X%o[U]X0,X0+9[)
holds f1(r) # limy, f1.

Thenf; - f1 is divergent to— in Xg.

(41) Suppose that
(i) fqis convergentin,
(i)  foisright divergent totco in limy, fy,

(i)  forall rq, ro such thar; < xp andxg < r, there exisgs, gz such thar; < g; andg: < Xo
andg; € dom(f,- f1) andg, < rz andxp < g andg, € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domfiN (Jxo— g, X%o[U]X0,Xo+d[)
holds fy(r) > limy, f.

Thenf, - f; is divergent tot+-o in Xg.

(42) Suppose that
(i) fqis convergent iy,
(i)  foisright divergent to—co in limy, fy,

(i)  forall rq, rp such thar; < xg andxg < r» there exisgs, gz such thatr; < g1 andg; < Xg
andg; € dom(f;- f1) andg, < rz andxp < g2 andg, € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domf; N (]xo—g,X%o[U]x0, X0 +9[)
holds f1(r) > limy, f1.

Thenf, - f1 is divergent to—o in Xg.

(43) Suppose that
(i) fqisright convergent inxg,
(i)  fais divergent toteoin limy + f1,

(iiiy  for every r such thatg < r there existg such thag < r andxg < g andg € dom( fz - f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xp, %o + g[ holds
fi(r) #limyg+ f1.
Thenf; - f1 is right divergent to+- in Xg.
(44) Suppose that
(i) fyisright convergent inxg,
(i)  faisdivergent to—ooin lim, + fi,

(i) for everyr such that < r there existg such thag < r andxp < g andg € dom( f; - f1),
and

(iv) there existsy such that O< g and for everyr such thatr € domf; N |xo, %o + g[ holds
f(r) #limy+ f1.
Thenf; - f1 is right divergent to—o in xg.
(45) Suppose that
(i) fqis convergent intoo,
(i) fyis divergent totoeoin lim e fq,
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(iii)  for everyr there existg such thar < g andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domf; N]r, +eo| holds f1(g) # lim o f;.
Thenf; - f1 is divergent intoo to +oo.

(46) Suppose that
(i) f1is convergent intoo,
(i)  fpis divergent to—coin lim.o fq,
(iiiy  for everyr there existg such thatr < g andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domf; N]r, 4o holds f1(g) # lim ;. f1.
Thenf; - f1 is divergent intoo to —oo.

(47) Suppose that
(i) fyis convergentin-oo,
(i) fyis divergent tot-oeo in lim_q f1,
(iii)  for everyr there existg such thag < r andg € dom(f,- f1), and
(iv) there existg such that for everg such thag € domf; N]—oo, r[ holds f1(g) # lim_. fi.
Thenf, - f; is divergent in—oo to +oo.

(48) Suppose that
(i) fyisconvergentin-oo,
(i)  fois divergent to—oco in lim _, fq,
(iii)  for everyr there existg such thag < r andg € dom(f,- f;), and
(iv) there existg such that for everg such thag € domf; N]—oco, r[ holds f1(g) # lim_. fi.
Thenf,- f1 is divergent in—oo to —co.

(49) Suppose that
(i) f1is convergent irxg,
(i)  fois left divergent tot-eo in limy, fq,

(i) forall rq, ro such thatry < xg andxg < r there exisygs, g2 such thar; < g1 andg; < X
andg; € dom(f,- f1) andgy < rp andxg < g2 andgy € dom(f,- f1), and

(iv) there existg such that G< gand for every such that € domfi N (]xo— g, Xo[U]Xo, X0 +9[)
holds f1(r) < limy, f1.

Thenf; - f1 is divergent tot-oo in Xp.

(50) Suppose that
(i) f1is convergent ing,
(i)  fais left divergent to—co in limy, f1,

(i) forall rq, ro such thatry < xp andxg < r» there exisy, g2 such thar; < g; andg; < X
andg; € dom(f,- f1) andg, < rp andxp < gy andg, € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domfiN (]xo—g,X%o[U]X0, X0+ d[)
holds f1(r) < limy, fy.

Thenf; - f1 is divergent to— in Xg.

(51) Suppose that
(i) fqis left convergent i,
(i)  fzis divergent tot-eo in lim, - fy,

(iiiy  for every r such thatr < xg there existg such that < gandg < xp andg € dom(f,- f1),
and
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(iv) there existsy such that O< g and for everyr such thatr € domfy N ]xo — g,%o[ holds
fi(r) #limy - f1.
Thenf, - f1 is left divergent tot-co in xg.
(52) Suppose that
(i) f1isleft convergent i,
(i)  frisdivergent to—ooin lim, - fi,

(iiiy  for every r such that < xg there existg such that < g andg < xp andg € dom(fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xg — g,%o[ holds
fi(r) # limy,- f1.
Thenf, - f; is left divergent to—co in xg.
(53) Suppose that
(i) fyisdivergentintoo to +oo,
(i)  fois convergentint-c, and
(i)  for everyr there existg such that < gandg € dom(f;- f1).
Thenf;, - f1 is convergent int-oo and limy.(f2- f1) = lim_o f2.

(54) Suppose that
(i) fqisdivergentintoo to —oo,
(i)  fois convergentin-o, and
(iiiy  for everyr there existgy such thar < g andg € dom(f;- f1).
Thenf, - f1 is convergent intoo and lim;.«(f2- f1) = lim_q 2.

(55) Suppose that
(i) fqisdivergent in—oo to oo,
(i)  fpis convergentint-o, and
(iiiy  for everyr there existg such thag < r andg € dom(f;- f1).
Thenf;- f1 is convergent in-co and lim_(f2- f1) = lim_ f2.

(56) Suppose that
(i) fyisdivergentin—oo to —oo,
(i)  fois convergent in-o, and
(iii)  for everyr there existg such thag < r andg € dom(f;- f1).
Thenf;, - f1 is convergent in-co and lim_(f2- f1) = lim_e f2.

(57) Suppose that
(i) fqis left divergent tot-o in X,
(i)  fois convergentinto, and
(iiiy  for everyr such thar < xg there existg such thar < g andg < xg andg € dom(f; - f1).
Thenf,- f; is left convergent ing and Iir%f(fz- f1) =lim e fo.

(58) Suppose that
(i) fqisleft divergent to—co in X,
(i)  fpis convergentin-oo, and
(iiiy  for everyr such thar < xg there existg such thar < g andg < xg andg € dom(f;- f1).
Thenf,- f is left convergent ing and lim, - (f2- f1) =lim_ f2.
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(59) Suppose that
(i) fyisright divergent tot+o in Xg,
(i)  fois convergentint-c, and
(i)  for everyr such thatg < r there existg such thag < r andxp < g andg € dom(fz- f1).
Thenf, - fy is right convergent ixg and lim+ (f2- f1) =1lim . f2.

(60) Suppose that
(i) fqisright divergent to—c in Xp,
(i)  fois convergentin-o, and
(iiiy  for everyr such thakg < r there existg such thag < r andxy < g andg € dom(f; - f1).
Thenf,- fy is right convergent ixo and lim + (f2- f1) = lim _ f2.

(61) Suppose that
(i) fqisleft convergenting,
(i)  faisleft convergentin limg - f1,

(iiiy  for every r such that < xg there existg such that < g andg < xp andg € dom( fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N]xg — g, %[ holds
f(r) <limy- f1.

Thenf,- fy is left convergent ing and lim - (f2- f1) = Iim“mxo_ i - fo.

1

(62) Suppose that
(i) fqisright convergent irxg,
(i)  fpisright convergentin lig+ fi,

(iiiy  for every r such that < r there existgy such thag < r andxg < g andg € dom(fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xp, %o + g[ holds
Iimxo+ f1 < fl(r).

Thenf,- fy is right convergent ixg and lim+ (f2- f1) = IimIimXO+ £+ fo.

(63) Suppose that
(i) f1isleft convergent i,
(i)  fpisright convergentin lig- fi,

(iiiy  for every r such thatr < xg there existg such that < g andg < xp andg € dom(fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xg — g,%o[ holds
limy- f1 < fy(r).

Thenf,- fy is left convergent ing and lim - (f2- f1) = Iim"mw £+ fo.

(64) Suppose that
(i) fqisright convergent inxg,
(i)  faisleft convergentin lingy+ f1,

(iiiy  for every r such that < r there existg such thag < r andxg < g andg € dom( fz- f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xp, %o + g[ holds
f]_(l’) < Iimxo+ fq.

Thenf,- fy is right convergent ig and lim+ (f2- f1) = IimIimX0+ f- fa.
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(65) Suppose that
(i) fqis convergent intoo,
(i)  fpisleft convergentin lime fy,
(iiiy  for everyr there existg such thar < g andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domfiN]r, 4o holds f1(g) < lim ;. f1.

Thenf;,- f1 is convergent int-co and limy(f2- f1) = Iim”mw f,- fo.

(66) Suppose that
(i) fyis convergentintoo,
(i)  fyisright convergentin lime f1,
(iii)  for everyr there existg such thar < g andg € dom(f,- f;), and
(iv) there exists such that for everg such thag € domf; N]r, 4o holds lim,. f1 < f1(Q).

Thenf;- f1 is convergent int-co and limy . (f,- f1) = Iim”mﬂ° £+ fo.

(67) Suppose that
(i) fqis convergent in-co,
(i) foisleft convergentin lim,, fq,
(iiiy  for everyr there existg such thag < r andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domf; N]—eco, r[ holds f1(g) < lim_., fi.

Thenf;- fy is convergent in-co and lim o, (f2- f1) = limy,, £ fo.

(68) Suppose that
(i) fyisconvergentin-oo,
(i)  fpisright convergentin limg fq,
(iii)  for everyr there existg such thag < r andg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domf;N]—oo, r[ holds lim_., f1 < f1(g).

Thenf; - f; is convergent in-co and lim_ (f2- f1) = limy, £+ fo.

(69) Suppose that
(i) fqisdivergent tot+oo in o,

(i)  fpis convergentint-o, and
for all rq, ro such thatr; < Xp andxg < r, there exisys, g2 such thar; < g1 andg: < X

(iii)
andg; € dom(f,- f1) andgz < rp andxp < g2 andgp € dom(fy- f1).
Thenf;- fy is convergent ing and limy, (f2 - f1) = lim . f.

(70) Suppose that
(i) f1isdivergent to— in Xg,

(i)  fois convergentin-o, and
for all rq, ro such thatr; < Xp andxg < r, there exisys, g2 such thar; < g1 andg: < X

(iii)
andg; € dom(f,- f1) andgy < rp andxg < gy andgp € dom(f, - f1).
Thenf, - fy is convergent i and limy, (f2- f1) = lim _q, fo.

(71) Suppose that
(i) f1is convergent into,
(i)  fois convergentin lime fq,
(iiiy  for everyr there existg such thar < gandg € dom(f;- f1), and
(iv) there exists such that for everg such thag € domf; N ]r,+oo[ holds f1(g) # lim 1 f1

Thenf; - f is convergent int-co and lim, .« (f2- f1) = limjim_, 1, f2.
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(72) Suppose that
(i) fqis convergent in-co,
(i) fpis convergentin lime f1,
(iii)  for everyr there existg such thag < r andg € dom(f,- f1), and
(iv) there exists such that for everg such thag € domf;N]—co, r[ holds f1(g) # lim_o f1.
Thenf, - fy is convergent in-co and lim_q (f2- f1) = liMjim_, 1, f2.

(73) Suppose that
(i) f1is convergent irxg,
(i)  faisleft convergentin ling, fy,

(iii)  forall rq, rp such thar; < xg andxg < r» there exisgy, g2 such thatr; < g1 andg; < Xg
andg; € dom(f;- f1) andg, < rz andxp < g2 andg, € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domf;N (]xo—g,X%o[U]x0,Xo+9[)
holds f1(r) < limy, f.

Thenf, - f; is convergent i and limy, (f2- f1) = Iim“mXOff fo.

(74) Suppose that
(i) fq1is left convergent i,
(i) f2is convergentin limg - f1,

(iiiy  for every r such thatr < xg there existg such thar < gandg < xp andg € dom( fz - f1),
and

(iv) there existsg such that O< g and for everyr such thatr € domf; N ]xg — g, %[ holds
f]_(l’) 75 |imX0— f1.
Thenf,- fy is left convergent ing and lim - (f2- f1) = Iim"mW f; fo.

(75) Suppose that
(i) fqis convergent ing,
(i)  foisright convergentin ling, f1,

(i) forall rq, ro such thary < xg andxg < r» there exisy, g2 such thar; < g; andgs < Xo
andg; € dom(f,- f1) andgy < rp andxg < g2 andgp € dom(f,- f1), and

(iv) there existg such that < g and for every such that € domfiN (Jxo— g, X%o[U]X0, X0+ d[)
holds lim, f1 < fy(r).

Thenf, - fy is convergent i and limy, (f2- f1) = Iim|imXOfl+ fo.

(76) Suppose that
(i) f1isright convergent ixg,
(i) fois convergentin lim+ fi,

(iii)  for everyr such thatg < r there existg such thag < r andxp < g andg € dom( f; - f1),
and

(iv) there existsy such that 0< g and for everyr such thatr € domf; N ]xo, %o + g[ holds
fl(r) 75 IimX0+ fl.
Thenf,- fy is right convergent ixg and lim+ (f2- f1) = Iim"mX0+ f, f2.

(77) Suppose that
(i) fyis convergent iy,
(i)  fais convergentin lim, f1,

(i) forall rq, ro such thar; < xg andxg < r, there exisgs, gz such thar; < g; andg: < X
andg; € dom(f;- f1) andg, < rz andxp < g andg, € dom(f,- f1), and
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(iv) there existg such that < g and for every such that € domfiN (Jxo — g, Xo[U]X0,Xo+d[)
holds f1(r) # limy, f1.

Thenf, - fy is convergent i and limy, (f2- f1) = Iim"mXOf1 fo.
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