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Summary. The goal of this article is to prove a scalar multiplicity of Riemann definite
integral. Therefore, we defined a scalar product to the subset of real space, and we proved
some relating lemmas. At last, we proved a scalar multiplicity of Riemann definite integral.
As aresult, a linearity of Riemann definite integral was proven by unifying the previous article
[31].

MML Identifier: INTEGRA2.
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The articles([20],[[2P],[[3],[[21],[112] . 12],[15],[123],.113] [17],.[6],.[O],[[4],[[15],18],111],[114] [1177],
[18], [19], [1Q], [1], and [16] provide the notation and terminology for this paper.

1. LEMMAS OF FINITE SEQUENCE

We follow the rulesr, x, y are real numbers, j are natural numbers, arglis a finite sequence of

elements oRR.
Next we state the proposition

(1) For every closed-interval subgebf R and for every real numberholdsx € Aiff inf A <x
andx < supA.

LetI; be a finite sequence of elementdfafWe say that; is non-decreasing if and only if:
(Def. 1) For every natural numbarsuch thah € doml; andn+ 1 € domls holdsli(n) <l1(n+1).

Let us note that there exists a finite sequence of elemeiitsadfich is non-decreasing.
We now state three propositions:

(2) Letpbe anon-decreasing finite sequence of elemenksaid given, j. If i € domp and
j € dompandi < j, thenp(i) < p(j).

(3) Let givenp. Then there exists a hon-decreasing finite sequgrafeelements ofR such
thatp andq are fiberwise equipotent.

(4) LetD be anon empty sef, be a finite sequence of elementdifandk;, ko, ks be natural
numbers. If 1< k; andks < lenf andk; < ky andk; < ks, then(mid(f, ki, kz)) ™~ mid(f, ko +
1, kg) = mid(f, kl, k3).
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2. SCALAR PrRoODUCT OFREAL SUBSET

Let Abe a subset dR and letx be a real number. The functerAyields a subset dR and is defined
by:

(Def. 2) For every real numberholdsy € x- A iff there exists a real numbersuch thatz € A and
y=X-z

The following propositions are true:

(5) LetX,Y be non empty sets anfdbe a partial function fronX to R. If f is upper bounded
onX andY C X, thenf[Y is upper bounded o¥.

(6) LetX,Y be non empty sets anfdbe a partial function fronX to R. If f is lower bounded
onX andY C X, thenf|Y is lower bounded ol¥.

(7) For every non empty subsktof R holdsr - X is non empty.
(8) For every subsef of R holdsr - X = {r-x:x e X}.

(9) For every non empty subsktof R such thaiX is upper bounded and<Qr holdsr - X is
upper bounded.

(10) For every non empty subsétof R such thatX is upper bounded and< 0 holdsr - X is
lower bounded.

(11) For every non empty subsétof R such thatX is lower bounded and € r holdsr - X is
lower bounded.

(12) For every non empty subs¥tof R such thatX is lower bounded and < 0 holdsr - X is
upper bounded.

(13) For every non empty subs¥tof R such thatX is upper bounded and<Q r holds sufr -
X) =r-supX.

(14) For every non empty subs¢bf R such thaK is upper bounded ard< 0 holds infr - X) =
r-supX.

(15) For every non empty subséof R such thaK is lower bounded and<€ r holds infr - X) =
r-infX.

(16) For every non empty subsétof R such thatX is lower bounded and < 0 holds sugr -
X) =r-infX.

3. SCALAR MULTIPLE OF INTEGRAL
One can prove the following propositions:

(17) For every non empty sitand for every functiorf from X intoR holds rngr f) =r-rngf.

(18) For all non empty setX, Z and for every partial functionf from X to R holds
rmg(r (f1Z))=r-mg(f|2).

(19) LetAbe a closed-interval subsetR&f f be a function fromA into R, andD be an element
of divsA. If f is bounded o andr > 0, then(uppetsumset f)(D) > r-infrng f - vol(A).

(20) LetAbe a closed-interval subset&f f be a function fronA into R, andD be an element
of divsA. If f is bounded o andr < 0, then(uppersumsetr f)(D) > r-suprngf - vol(A).

(21) LetAbe a closed-interval subset®f f be a function fromA into R, andD be an element
of divsA. If f is bounded o\ andr > 0, then(lower_sumsetr f)(D) <r-suprngf - vol(A).
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(22) LetAbe a closed-interval subset®f f be a function fromA into R, andD be an element
of divsA. If f is bounded o\ andr < 0, then(lower.sumset f)(D) <r-infrngf - vol(A).

(23) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, D be an element d§, and given. If i € SeglerD and f is upper bounded on
Aandr > 0, then(uppervolume(r f,D))(i) =r - (uppervolume(f,D))(i).

(24) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, D be an element d§, and given. If i € SeglerD and f is upper bounded on
Aandr <0, then(lower_volume(r f,D))(i) =r - (uppervolumg f,D))(i).

(25) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, D be an element 0§, and given. If i € SeglerD and f is lower bounded on
Aandr > 0, then(lower_volume(r f,D))(i) =r - (lower.volume f,D))(i).

(26) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, D be an element df, and given. If i € SeglerD and f is lower bounded on
Aandr <0, then(uppecvolumgr f,D))(i) = r - (lower.volumg f,D))(i).

(27) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element o8 If f is upper bounded oA andr > O, then
uppetsum(r f,D) =r -uppecsunm f,D).

(28) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element o8 If f is upper bounded oA andr < O, then
lower.sum(r f,D) =r -uppersum(f,D).

(29) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element o&. If f is lower bounded orA andr > O, then
lower.sum(r f,D) =r -lower.sum(f,D).

(30) LetA be a closed-interval subset Bf f be a function fromA into R, Sbe a non empty
Division of A, andD be an element o&. If f is lower bounded oA andr < O, then
uppersun(r f,D) =r - lower.sum(f, D).

(31) LetA be a closed-interval subset Bf and f be a function fromA into R. Supposef
is bounded orA and f is integrable onA. Thenr f is integrable onA and integrat f =
r-integralf.

4. MONOTONEITY OFINTEGRAL

We now state three propositions:

(832) LetA be a closed-interval subset Bfand f be a function fromA into R. Supposef is
bounded orA and f is integrable orA and for everyx such thai € A holds f (x) > 0. Then
integralf > 0.

(833) LetA be a closed-interval subset&fand f, g be functions fromA into R. Supposef is
bounded orA andf is integrable oA andg is bounded oA andg is integrable orA. Then
f —gis integrable orA and integraf — g = integralf — integralg.
(34) LetAbe a closed-interval subset®fandf, g be functions fronA into R. Suppose that
(i) fisbounded o,
(i) fisintegrable orA,
(i)  gis bounded o,
(iv) gisintegrable oA, and
(v) for everyxsuch thak € Aholdsf(x) > g(x).
Then integraf > integralg.
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5. DEFINITION OF DIVISION SEQUENCE
We now state two propositions:

(35) LetA be a closed-interval subset&fand f be a function fromA into R. If f is bounded
on A, then rnguppesumsetf is lower bounded.

(36) LetA be a closed-interval subset&fand f be a function fromA into R. If f is bounded
onA, then rnglowersumsetf is upper bounded.

Let A be a closed-interval subset®&f A DivSequence oA is a function fromN into divsA.
Let A be a closed-interval subsetRfand letT be a DivSequence &. The functordr yielding
a sequence of real numbers is defined by:

(Def. 3) For every holdsdr (i) = 8y

Let A be a closed-interval subset Bf let f be a partial function fronA to R, and letT be a
DivSequence oA. The functor uppesum(f, T) yields a sequence of real numbers and is defined
as follows:

(Def. 4) For every holds(uppetsum(f,T))(i) = uppetsum(f, T (i)).
The functor lowersum(f, T) yielding a sequence of real numbers is defined as follows:
(Def. 5) For every holds(lower.sum(f,T))(i) = lower.sun(f,T(i)).

One can prove the following propositions:

(37) LetA be a closed-interval subset & and D;, D, be elements of divA. If D; < Dy,
then for everyj such thatj € domD; there exists such thai € domD; and divse{D,, j) C
divse(Dy,i).

(38) For all finite non empty subseXs Y of R such thaX C Y holds max < maxY.

(39) For all finite non empty subse¥s Y of R such that there existg such thaty € Y and
maxX <y holds maX < maxy.

(40) For all closed-interval subseAsB of R such thatA C B holds vol[A) < vol(B).

(41) For every closed-interval subs&tof R and for all element®;, D, of divsA such that
D1 < D> h0|d56(Dl) > 6(D2)-
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