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Summary. This article is concerned with a generalization of concepts introduced in
[11], i.e., there are introduced the sum and the product of finite number of elements of any
field. Moreover, the product of vectors which yields a vector is introduced. According to
[11], some operations oirtuples of elements of field are introduced: addition, subtraction,
and complement. Some properties of the sum and the product of finite number of elements of
a field are present.

MML Identifier: FvsuM_1.
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The articles([18],[[2R],[[19],[12],[123],.15],[171.56],13], 141, [16],121],[[17],[08],18],110],[[15] [114],
[L], [12], [20], and [13] provide the notation and terminology for this paper.

1. AUXILIARY THEOREMS

In this papet, j, k denote natural numbers.
One can prove the following propositions:

(ZE] For every Abelian non empty loop structueholds the addition oK is commutative.
(3) For every add-associative non empty loop strudtuhelds the addition oK is associative.

(4) For every commutative non empty group#icholds the multiplication oK is commuta-
tive.

(6E] Let K be a commutative left unital non empty double loop structure. Theis a unity
w.r.t. the multiplication oK.

(7) For every commutative left unital non empty double loop structle holds
lthe multiplication ofk = 1K -

(8) For every left zeroed right zeroed non empty loop strudkuhelds § is a unity w.r.t. the
addition ofK.

(9) For every left zeroed right zeroed non empty loop strudkuh®lds e addition ok = Ok -

(10) For every left zeroed right zeroed non empty loop strudturmlds the addition oK has
a unity.

1 The proposition (1) has been removed.
2 The proposition (5) has been removed.
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(11) For every commutative left unital non empty double loop strudtuhelds the multiplica-
tion of K has a unity.

(12) LetK be a distributive non empty double loop structure. Then the multiplicatidf isf
distributive w.r.t. the addition df.

Let K be a non empty groupoid and letbe an element dk. The functor-2 yielding a unary
operation on the carrier ¢f is defined by:

(Def. 1) -8 = (the multiplication ofK)°(a,idhe carrier ofk )-

Let K be a non empty loop structure. The functeg yielding a binary operation on the carrier
of K is defined as follows:

(Def. 2) —k = (the addition oK) o (idine carrier ok ; COMPK).

We now state several propositions:

(14 For every non empty loop structute and for all elementsy, a, of K holds —k (ay,
az) =a; —ap.

(15) LetK be a distributive non empty double loop structure ar an element df. Then-2
is distributive w.r.t. the addition df.

(16) LetK be a left zeroed right zeroed add-associative right complementable non empty loop
structure. Then conlg is an inverse operation w.r.t. the additionkof

(17) LetK be a left zeroed right zeroed add-associative right complementable non empty loop
structure. Then the addition &f has an inverse operation.

(18) LetK be a left zeroed right zeroed add-associative right complementable non empty loop
structure. Then the inverse operation w.r.t. the additiold ef compK.

(19) LetK be a right zeroed add-associative right complementable Abelian non empty loop
structure. Then comig is distributive w.r.t. the addition df.

2. SOME OPERATIONS ONi-TUPLES

LetK be a non empty loop structure and fmt p be finite sequences of elements of the carrier of
K. The functorp; + p; yielding a finite sequence of elements of the carriek @ defined by:

(Def. 3) p1+ p2 = (the addition oK )°(ps, p2).

One can prove the following proposition

(Zlﬁ] Let K be a non empty loop structurp;, pz be finite sequences of elements of the carrier
of K, a1, a» be elements oK, andi be a natural number. ife dom(p; + p2) anda; = pa(i)
anday = pa(i), then(pr+ p2)(i) = a1 + a.

Let us considet, letK be a non empty loop structure, andRat R, be elements of (the carrier
of K)'. ThenR; + Ry is an element of (the carrier &f)'.
We now state several propositions:

(22) LetK be a non empty loop structuray, a; be elements oK, andR;, R, be elements of
(the carrier oK)'. If j € Seg anda; = Ry(j) andaz = Rx(j), then(Ry1+ Re)(j) = a1 + az.

(23) LetK be a non empty loop structure apde a finite sequence of elements of the carrier
of K. Thens(the carrier ofK) +p= s(the carrier ofK) and p+ s(the carrier ofK) = S(the carrier ofK) -

3 The proposition (13) has been removed.
4 The proposition (20) has been removed.
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(24) For every non empty loop structufeand for all elements;, ap of K holds(a;) + (az) =
<a1+a2>.

(25) For every non empty loop structukeand for all elementsy, a; of K holdsi — a; +i —
=i (a1+a2)‘

(26) For every Abelian non empty loop structigeand for all element&;, R; of (the carrier of
K)' holdsR; + R = Ry + Ry.

(27) LetK be an add-associative non empty loop structureRindR;, R be elements of (the
carrier ofK)'. ThenR; + (R2+R3) = (Ri+R2) + Rs.

(28) LetK be an Abelian left zeroed right zeroed non empty loop structurdesean element
of (the carrier oK)'. ThenR+i+— Ok =RandR=i+— 0k +R.

Let K be a non empty loop structure and febe a finite sequence of elements of the carrier of
K. The functor—p yields a finite sequence of elements of the carriéf @ind is defined by:

(Def.4) —p=compK-p.

In the sequeK is a non empty loop structure,is an element oK, p is a finite sequence of
elements of the carrier &, andR is an element of (the carrier &f)'.
One can prove the following proposition

(3OE] If i € dom(—p) anda= p(i), then(—p)(i) = —a.

“Let us consider, letK be a non empty loop structure, andRbe an element of (the carrier of
K)'. Then—Ris an element of (the carrier &f)'.
The following propositions are true:

(31) If jeSeg anda=R(j),then(—R)(j)=—a.
(32) —E(the carrier ofK) = €(the carrier ofK) -

(33) —(@=(-a).

(34) —-i—a=i—(-a).

(35) LetK be an Abelian right zeroed add-associative right complementable non empty loop
structure an®R be an element of (the carrier &f)'. ThenR+ —-R=i+— 0k and—R+R=
i — Ok.

In the sequeK is a left zeroed right zeroed add-associative right complementable non empty
loop structure an®, Ry, R, are elements of (the carrier Kf)'.
Next we state several propositions:

(36) IfR1+Ry =i~ 0k, thenR; = —Ry andR, = —Ry.
(37) ——R=R
(38) If =Ry = —Ry, thenR; =R,

(39) LetK be an Abelian right zeroed add-associative right complementable non empty loop
structure andR, Ry, Ry be elements of (the carrier &f)'. If R+ R=R,+RorR;+R=
R+ Ry, thenR; = Ry.

(40) LetK be an Abelian right zeroed add-associative right complementable non empty loop
structure andRy, R» be elements of (the carrier &f)'. Then—(R;+Rz) = —R; + —Ro.

LetK be a non empty loop structure and fgt p» be finite sequences of elements of the carrier
of K. The functorp; — p» yielding a finite sequence of elements of the carriek a$ defined by:

5 The proposition (29) has been removed.
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(Def.5) p1—pz2=(—«)°(P1, P2)-

For simplicity, we use the following conventioi denotes a non empty loop structuse, az
denote elements df, p;, p2 denote finite sequences of elements of the carridf,cdindR;, Ry
denote elements of (the carrierkoj'.

The following proposition is true

(42@ If i € dom(py— p2) anday = pa(i) andaz = pa(i), then(py — p2)(i) = a1 — az.

Let us consider, letK be a non empty loop structure, andRat R, be elements of (the carrier
of K)'. ThenR; — Ry is an element of (the carrier &f)'.
One can prove the following propositions:

(43) If j € Seg anda; = Ry(j) andaz = Ry(j), then(Ry — Ry)(j) = a1 — ap.
(44)  €(the carrier ofk) — P1 = Egthe carrier ofik) @NAP1 — Eghe carrier ofk) = E(the carrier ofK) -
(45) (a1) —(az) = (a1 —ay).

46) i—ai—i—a =i (ag—ay).

(47) Ri—Ry=Ri+—Ry.

(48) LetK be an add-associative right complementable left zeroed right zeroed non empty loop
structure andR be an element of (the carrier Kf)'. ThenR—i— 0k =R

(49) LetK be an Abelian left zeroed right zeroed non empty loop structuréRdyedan element
of (the carrier oK)'. Theni — Ok —R=—-R.

(50) LetK be a left zeroed right zeroed add-associative right complementable non empty loop
structure andRy, Ry be elements of (the carrier &)'. ThenR; — —R, = R; + Ry.

We adopt the following conventiorK is an Abelian right zeroed add-associative right comple-
mentable non empty loop structure a@RdR;, R, Rz are elements of (the carrier Kf)'.
The following propositions are true:

(51) —(Ri—Rs)=Rs—R:.

(52) —(Ri—R2)=—-Ri+Ro.

(53) R—R=i— Ox.

(54) IfRy—Ry =i — Ok, thenR; = Ry.
(55) Ri—Re—Rg=Ri—(R+Ry).
(56) Ri+(R:—R3)=(Ri+Rp)—Rs.
(57) Ri—(R—Rs)=(Ri—Rp)+Rs.
58 Ri=(Ri+R —R

(59) Ri=(Ri—-R)+R

For simplicity, we follow the rules:K denotes a non empty groupoid, &, a;, a, denote
elements oK, p denotes a finite sequence of elements of the carrikr ahdR denotes an element
of (the carrier oK)'.

The following two propositions are true:

=

(60) For all elements, b of K holds((the multiplication ofK)° (&, idine carrier ofk ) ) (B) = a- b.

(61) For all elements, b of K holds-2(b) =a-hb.

6 The proposition (41) has been removed.



SUM AND PRODUCT OF FINITE SEQUENCES OF.. 5

Let K be a non empty groupoid, Igtbe a finite sequence of elements of the carrie pand
leta be an element dk. The functora- p yielding a finite sequence of elements of the carrie of
is defined as follows:

(Def.6) a-p=-2-p.
One can prove the following proposition
(62) Ifi e doma-p)anda = p(i), then(a-p)(i) =a-a.

Let us considet, letK be a non empty groupoid, |I&be an element of (the carrier Kf', and
letabe an element df. Thena- Ris an element of (the carrier &f)'.
Next we state several propositions:

(63) If j € Seg anda’ =R(j),then(a-R)(j)=a-4d.
(64) a-€gne carrier ofk) = Ethe carrier ofK)-

(65) a-(a1)=(a-a1).

66) a1-(i—ap)=i— (a1 -a2).

(67) LetK be an associative non empty groupag,a; be elements oK, andR be an element
of (the carrier oK)'. Then(a;-a2)-R=a;- (az*R).

We use the following conventiorK is a distributive non empty double loop structuaea,, a;
are elements df, andR, Ry, Ry are elements of (the carrier Kf)'.
We now state several propositions:

68) (m+a)-R=a;-R+a-R
(69) a- (R1—|—R2) =a-Ri+aR.

(70) LetK be a distributive commutative left unital non empty double loop structureRdnel
an element of (the carrier &f)'. Thenlk -R=R.

(71) LetK be an add-associative right zeroed right complementable distributive non empty dou-
ble loop structure anB be an element of (the carrier Kf)'. Then & -R=1i — 0Ok.

(72) LetK be an add-associative right zeroed right complementable commutative left unital
distributive non empty double loop structure @Rte an element of (the carrier Kf)'. Then
(-1k)-R=-R

Let M be a non empty groupoid and Ipt, p, be finite sequences of elements of the carrier of
M. The functorp; e p; yields a finite sequence of elements of the carrigviaind is defined by:

(Def. 7) p1e p2 = (the multiplication ofM)°(p1, p2).

For simplicity, we adopt the following ruled denotes a non empty groupoiah, a, denote
elements oK, p, p1, p2 denote finite sequences of elements of the carriét,@ndR;, R, denote
elements of (the carrier ¢f)'.

One can prove the following proposition

(73) Ifi e dom(pyep2) anda; = p1(i) anday = p2(i), then(pre p2)(i) = a1 - ap.

_Let us consider, letK be a non empty groupoid, and If, R, be elements of (the carrier of
K)'. ThenR; e Ry is an element of (the carrier &f)'.
The following three propositions are true:

(74) If j e Seg anda; = Ry(j) andaz = Ry(j), then(RieRy)(j) = a3 - ap.

(75) &(the carrier ofK) @ P = &(the carrier ofK) andpe &(the carrier ofK) = €(the carrier ofK)-



SUM AND PRODUCT OF FINITE SEQUENCES OF.. 6

(76) <a1> ° (a2> = <a1 . a2>.

We follow the rules:K is a commutative non empty groupoid, g are finite sequences of
elements of the carrier &€, andRy, R, are elements of (the carrier Kf)'.
Next we state three propositions:

(77) RieR, =RyeR.

(78) pegq=qep.
(79) For every associative non empty groupisidnd for all element&;, Ry, Rs of (the carrier
of K)' holdsR; e (R e R3) = (Ri e Ry) ¢ Rs.

We adopt the following conventiorK is a commutative associative non empty groupejd,
ap are elements df, andRis an element of (the carrier &f)'.
We now state three propositions:

(80) i—aeR=a-RandRei—a=a-R
8Bl) i—ajei—ax=i— (a1 -ap).

(82) LetK be an associative non empty groupadie an element df, andRy, R, be elements
of (the carrier oK)'. Thena: (RieRy) =a-RieRy.

We follow the rulesK is a commutative associative non empty groupait, an element oK,
andR, Ry, R, are elements of (the carrier Kf)'.
One can prove the following propositions:

(83) a-(RieRy)=a-RieRyanda: (RieRy) =Rjea-Ry.
(84) a-R=i—aeR

3. THE SUM OF FINITE NUMBER OF ELEMENTS

Let us observe that every non empty loop structure which is Abelian and right zeroed is also left
zeroed.

LetK be an Abelian add-associative right zeroed right complementable non empty loop structure
and letp be a finite sequence of elements of the carrig ofTheny p can be characterized by the
condition:

(Def. 8) 3 p=the addition oK & p.

In the sequeK denotes an add-associative right zeroed right complementable non empty loop
structure a denotes an element &, and p denotes a finite sequence of elements of the carrier of
K.

One can prove the following propositions:

@7 s(p~(a@)=3p+a
@9 s(@-p=a+yp.

(92 Let K be an Abelian add-associative right zeroed right complementable distributive non
empty double loop structura,be an element d, andp be a finite sequence of elements of
the carrier oK. Theny (a-p)=a-3 p.

(93) For every non empty loop structufeand for every elemerR of (the carrier ofK)° holds
> R=0k.

7 The propositions (85) and (86) have been removed.
8 The proposition (88) has been removed.
9 The propositions (90) and (91) have been removed.
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In the sequeK denotes an Abelian add-associative right zeroed right complementable non
empty loop structurep denotes a finite sequence of elements of the carri&r, ahdR;, R, denote
elements of (the carrier ).

Next we state three propositions:

(94) 3(-p)=-3p
(95) Z(RlJrRz) =5SRi+YR.
(96) S(Ri—-R)=YRi—-YRo.

4. THE PRODUCT OF FINITE NUMBER OF ELEMENTS

Let K be a non empty groupoid and Iptbe a finite sequence of elements of the carridl ofThe
functor[] p yields an element df and is defined by:

(Def. 9) [7p = the multiplication ofK @ p.

The following propositions are true:

(98@ For every commutative left unital non empty double loop structlte holds
|_| (E(the carrier ofK)> = 1K-

(99) For every non empty groupokiand for every elemerat of K holds[](a) = a.

(100) LetK be a commutative left unital non empty double loop structaiteg an element df,
andp be a finite sequence of elements of the carrigoThen[](p~ (a)) =[] p-a

For simplicity, we use the following conventioK: denotes a commutative associative left unital
non empty double loop structura,a;, ap, ag denote elements &, p;, p2 denote finite sequences
of elements of the carrier &€, andRy, R, denote elements of (the carrierloji.

One can prove the following propositions:

(101) M(PL” P2) =M PL-[1P2.
(102) (&)~ p1) =a-[]p1.
(103) [(aq,a2) =a1-ay.

(104) n(aq,ap,83) =a1-az-aa.

(105) For every elemerR of (the carrier o )° holds[1R = 1k.
(106) (i~ 1k) = L.

(107) LetK be an add-associative right zeroed right complementable Abelian commutative asso-
ciative left unital distributive field-like non degenerated non empty double loop structure and
p be a finite sequence of elements of the carrigf oThen there existk such thak € domp
andp(k) = Ok if and only if [T p = Ok.

(108) M((i+i)—a=nd—a-ni-—a.
(109) M((i-})~a) = 1(j — (i~ a)).
(110) M(i— (a1-a)) =i+ a1) (i — a).
(111) (RieRe) =R Re.

(112) (a-Re) =T(i —a) MR

10 The proposition (97) has been removed.
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5. THE PRODUCT OF VECTORS

LetK be a non empty double loop structure anddag be finite sequences of elements of the carrier
of K. The functorp- qyielding an element oK is defined as follows:

(Def. 10) p-q=73(peq).

The following propositions are true:

(113) LetK be a commutative associative left unital Abelian add-associative right zeroed right

complementable non empty double loop structurearibe elements oK. Then(a) - (b) =
a-b.

(114) LetK be a commutative associative left unital Abelian add-associative right zeroed right

complementable non empty double loop structure @anay, by, b, be elements oK. Then
(a1,a2) - (b1,b2) = a1 -by +az - by.

(115) For all finite sequences g of elements of the carrier & holdsp-q=q- p.
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