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Summary. The definitions of the mode Function and the graph of a function are in-
troduced. The graph of a function is defined to be identical with the function. The following
concepts are also defined: the domain of a function, the range of a function, the identity func-
tion, the composition of functions, the 1-1 function, the inverse function, the restriction of a
function, the image and the inverse image. Certain basic facts about functions and the notions

defined in the article are proved.

MML Identifier: FUNCT_1.
WWW: http://mizar.org/JFM/Voll/funct_1.html

The articlesl[l] and 2] provide the notation and terminology for this paper.
We use the following conventiorX, Xz, Xz, Y, Y1, Y2 are sets ang, X, X1, X2, ¥, V1, Y2, Zare

sets.
Let X be a set. We say that is function-like if and only if:

(Def. 1) For allx, y1, y2 such that{x, y1) € X and(x, y») € X holdsy; = y,.

Let us observe that there exists a set which is relation-like and function-like.
A function is a function-like relation-like set.

One can check that every set which is empty is also function-like.

We follow the rules:f, g, h denote functions ang, Sdenote binary relations.

Next we state the proposition

(ZH Let F be a set. Suppose for evepysuch thatp € F there exisk, y such that{x, y) = p
and for allx, y1, y2 such thatx, y1) € F and(x, y2) € F holdsy; = y,. ThenF is a function.

The schemé&raphFuncdeals with a sef and a binary predicat®, and states that:
There exists such that for alk, y holds(x, y} € f iff x € 2 andP[x,y]
provided the parameters meet the following requirement:
e For allx, y1, y2 such thatP[x,y1] andP[x,y»] holdsy; = y».
Let us considef, x. The functorf (x) yielding a set is defined as follows:
(Def. 4F(i)  (x, f(x)) € f if x € domf,
(i)  f(x) =0, otherwise.

One can prove the following propositions:

@BF (xy) € fiff xe domf andy = f(x).

1 The proposition (1) has been removed.
2 The definitions (Def. 2) and (Def. 3) have been removed.
3 The propositions (3)—-(7) have been removed.

1 © Association of Mizar Users


http://mizar.org/JFM/Vol1/funct_1.html

FUNCTIONS AND THEIR BASIC PROPERTIES 2

(9) Ifdomf =domg and for every such thak € domf holds f (x) = g(x), thenf =g.
Let us consideff. Then rngf can be characterized by the condition:
(Def. 5) For every holdsy € rngf iff there existsx such thai € domf andy = f(x).

We now state two propositions:

(2] 1f x€ domf, thenf(x) € rgf.
(14f] 1fdomf = {x}, then mgf = {f(x)}.

Now we present two schemes. The schéarcExdeals with a sel and a binary predicat@,
and states that:
There existd such that donf = 4 and for everyx such thak € A4 holds?[x, f (x)]
provided the parameters meet the following requirements:
e For allx, y1, y2 such thak € 4 andP[x,y1] andP[x, y»] holdsy; = y,, and
e For everyx such thak € 4 there existy such thatP[x, y].
The scheméambdadeals with a sel and a unary functof yielding a set, and states that:
There exists a functiofi such that donf = 4 and for everyx such thak € 4 holds
f(x) = F(x)
for all values of the parameters.
One can prove the following propositions:

(15) If X #£ 0, then for everyy there exists such that doni = X and rngf = {y}.
(16) Ifforall f, g such that donf = X and dong = X holdsf = g, thenX = 0.
(17) If domf =domg and rngf = {y} and rngy = {y}, thenf =g.

(18) IfY £ 0or X =0, then there exist$ such thatX = domf and rngf C .

(19) Iffor everyy such thay €Y there existx such thak € domf andy = f(x), thenY C rngf.

Let us consideff, g. We introducey- f as a synonym of - g.
Let us consideff, g. One can check that- f is function-like.
We now state several propositions:

(20) Let givenh. Suppose for every holdsx € domh iff x € domf and f(x) € domg and for
everyx such thak € domh holdsh(x) = g(f(x)). Thenh=g- f.

(21) xedom(g- f) iff xe domf andf(x) € domg.
(22) Ifxedom(g- f), then(g- f)(x) = g(f(x)).
(23) Ifxedomf,then(g- f)(x) =g(f(x)).

(25| If ze mg(g- f), thenz e mgg.

(27)] 1fdom(g- f) = domf, then mgf C domg.

(33 If rngf CY and for allg, h such that doog=Y and donh =Y andg- f = h- f holds
g= h, thenY =rngf.

Let us consideK. One can check that dis function-like.
Next we state several propositions:

4 The propositions (10) and (11) have been removed.
5 The proposition (13) has been removed.

6 The proposition (24) has been removed.

7 The proposition (26) has been removed.

8 The propositions (28)—(32) have been removed.
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(34) f =idx iffdom f =X and for every such thak € X holds f (x) = x.

(35) Ifxe X, thenidk(x)=x.

@7f] dom(f -idx) = domf NX.

(38) If xedomfnX,thenf(x)=(f-idx)(x).

(40f9 x e dom(idy - ) iff x € domf andf(x) €.

@21 f-iddoms = f and idngs - f = f.

(43) idy -idy = idxy-

(44) Ifrngf =domgandg- f = f, theng = idgomg.
Let us considerf. We say thaf is one-to-one if and only if:

(Def. 8 For allxs, X2 such that; € domf andx; € domf andf(x;) = f(x2) holdsx; = Xo.

Next we state several propositions:

(46 If fis one-to-one ang is one-to-one, theg- f is one-to-one.

(47) Ifg- fis one-to-one and rnjC domg, thenf is one-to-one.

(48) If g- f is one-to-one and rnj= domg, thenf is one-to-one and is one-to-one.

(49) fis one-to-one iff for ally, hsuch that rng C domf and rnch C domf and dormg = domh
andf.-g= f-hholdsg=h.

(50) Ifdomf =X and domg= X and rngg C X andf is one-to-one andi-g = f, theng = idx.
(51) Ifrng(g- f) = rngg andg is one-to-one, then dogiC rngf.

(52) idyx is one-to-one.

(53) If there existg such thag- f = idgoms, thenf is one-to-one.

One can verify that there exists a function which is empty.

Let us observe that every function which is empty is also one-to-one.

One can verify that there exists a function which is one-to-one.

Let f be an one-to-one function. Observe tfiatis function-like.

Let us consider. Let us assume thdtis one-to-one. The functdr! yields a function and is
defined by:

(Def.9) f1=1f~.
The following propositions are true:

(54) Suppose is one-to-one. Let be a function. Them = f~1 if and only if the following
conditions are satisfied:
(i) domg=rngf, and
(i) forall y, x holdsy € rngf andx = g(y) iff xe domf andy = f(x).
(55) If f is one-to-one, then rig= dom(f~1) and domf = rng(f~1).

(56) If f is one-to-one ana € domf, thenx = f~1(f(x)) andx = (f~1- f)(x).

9 The proposition (36) has been removed.
10 The proposition (39) has been removed.
11 The proposition (41) has been removed.
12 The definitions (Def. 6) and (Def. 7) have been removed.
13 The proposition (45) has been removed.
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(57) If f is one-to-one angl € rngf, theny = f(f~1(y)) andy = (f- f~1)(y).
(58) If f is one-to-one, then dofii—*- f) = domf and rngf - f) = domf.
(59) If f is one-to-one, then dofh - f 1) = rngf and g f - f~1) = rngf.

(60) Supposd is one-to-one and dorihn= rngg and rngf = domg and for allx, y such that
x € domf andy € domg holds f (x) = yiff g(y) = x. Theng= f~1.

(61) If f is one-to-one, thefi 1 f = idgomt and f - f =1 = idings.

(62) If f is one-to-one, thefi—1 is one-to-one.

(63) If f is one-to-one and rnj= domg andg- f = idgomf, theng = L.
(64) If f is one-to-one and rry= domf andf -g = idmgf, theng = L
(65) If f is one-to-one, thef ~1)~1 = f.

(66) If f is one-to-one and is one-to-one, thefg- f)~t=f-1.g7L.

(67) (idx)~!=idy.

Let us consideff, X. One can verify thaf [ X is function-like.
One can prove the following propositions:

(68) g= f[Xiffdomg=domf NX and for every such thak € domg holdsg(x) = f(x).
(704 1f x € dom(f [X), then(f [X)(x) = f(x).

(71) IfxedomfnX, then(f[X)(x) = f(x).

(72) Ifxe X, then(fX)(x) = f(x).

(73) Ifxedomf andx € X, thenf(x) € rng(f[X).

(76 dom(fIX) C domf and g f [X) C rngf.

(821 1f X CY,thenf|X|Y = f[X andf[Y[X = f[X.

(84H If fisone-to-one, theM[X is one-to-one.

Let us consideY, f. Observe thaY [ f is function-like.
One can prove the following propositions:

(85) g=Y]|f if and only if the following conditions are satisfied:
(i) for everyxholdsx € domgiff x e domf andf(x) €Y, and
(i) for everyxsuch thaik € domg holdsg(x) = f(x).

(86) xedom(Y[f)iff xe domf andf(x) €
(87) Ifxedom(Y[f),then(Y[f)(x) = f(x).
(89 dom(Y|f) C domf and mgdY|f) C
©O71 1f X C Y, thenY [(X|f) = X]f andX [(Y[f) = X f.

rngf.

14 The proposition (69) has been removed.

15 The propositions (74) and (75) have been removed.
16 The propositions (77)-(81) have been removed.

17 The proposition (83) has been removed.

18 The proposition (88) has been removed.

19 The propositions (90)—(96) have been removed.
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(99@ If fis one-to-one, the¥|f is one-to-one.
Let us consideff, X. Thenf°X can be characterized by the condition:
(Def. 12@ For everyy holdsy € f°X iff there existsx such thai € domf andx € X andy = f(x).
One can prove the following propositions:
(117F7 1f x € domf, thenfo{x} = {f(x)}.
(118) Ifx; € domf andx; € domf, thenf°{xy,x2} = {f(x1), f (%2)}.
(120F9 (YIf)°X C foX.
(121) |If f is one-to-one, theh® (X3 N Xy) = f°X1 N FoXo.
(122) |If for all X3, Xz holds f°(XyNXp) = f°X3 N f°Xy, then f is one-to-one.
(123) If f is one-to-one, theh® (X \ Xo) = X1\ f°Xo.
(124) |If for all Xy, Xz holds f°(X1\ Xp) = f°X1\ f°Xp, thenf is one-to-one.
(125) If X missesy andf is one-to-one, the°X missesf°Y.
(126) (Y[f)°X =Y foX.
Let us considef, Y. Thenf~1(Y) can be characterized by the condition:
(Def. 13)  For every holdsx € f~1(Y) iff x € domf andf(x) € Y.
We now state a number of propositions:
A37FY i vanYe) = F1 () N Y(Ya).
(138) f1(V1\Yz) = F1(V2)\ F1(Ya).
(139) (RIX)7L(Y)=XNR(Y).
(142F9 ye mgRiff R-2({y}) #0.
(143) If for everyy such thay € Y holdsR1({y}) # 0, thenY C rngR.
(144) For every such thay € rngf there existx such thatf ~({y}) = {x} iff f is one-to-one.
(145) fof-L(y)CY.
(146) IfX C domR thenX C R™1(R°X).
(147) IfY Crngf, thenfof=1(Y) =Y.
(148) fof~1(Y)=Yn f°domf.
(149) fe(Xnf-L(Y)) C f°Xny.
(150) fo(XNf1(Y)) = fxnY.
(151) XNRL(Y) C R LYRXNY).
(152) If f is one-to-one, thefi—1(f°X) C X.

20 The proposition (98) has been removed.

21 The definitions (Def. 10) and (Def. 11) have been removed.
22 The propositions (100)—(116) have been removed.

23 The proposition (119) has been removed.

24 The propositions (127)—(136) have been removed.

25 The propositions (140) and (141) have been removed.
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(153) If for everyX holdsf~1(f°X) C X, thenf is one-to-one.

(154) If f is one-to-one, thefi°X = (f~1)~1(X).

(155) If f is one-to-one, thefi—1(Y) = (f~1)°Y.

(156) IfY =rngf and domg=Y and donh=Y andg-f =h- f, theng=h.
(157) If foXy C f°Xy andX; € domf andf is one-to-one, thei; C Xs.
(158) If f~1(Y1) C f71(Y2) andY; C rngf, thenY; C Ys.

(159) f is one-to-one iff for every there existx such thatf ~({y}) C {x}.

(160) If rngR C domsS, thenR~1(X) C (R-9)~1(S°X).
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