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The articles|[10],[[18],12],[[8],T211], 4], [114],[[15],[16],14],[[12],18],[17],15], and [8] provide the
notation and terminology for this paper.

1. PRELIMINARIES

In this papelx, y, zdenote sets.
Let us considek, y, z. One can check thak,y,z) is non trivial.
Let f be a non empty finite sequence. One can check thatfRé&vnon empty.

2. DECOMPOSING A FINITE SEQUENCE

We adopt the following rulesf, f1, fz, f3 are finite sequences, p1, p2, ps are sets, and k are
natural numbers.
The following propositions are true:

(BE] For every seX and for eveny such thaiX C Seg and 1€ X holds(SgmX)(1) = 1.

(4) For every finite sequencesuch thak € domf and for evenyi such that < i andi < k
holds f (i) # f (k) holds f (k) «r f = k.

(5) (p1,p2)[ Segl= (py).

(6) (p1, P2, P3) Seg 1= (py).

(7)  (p1, P2, P3)[ Seg 2= (py, P2)-

(8) If perngfi, thenp«r (f1™ fo) =p«<r f1.

(9) If perngfa\rngfy, thenp«r (f1~ fy) =lenfi+p«pr fo.
(10) If perngfy,thenf;” fo — p=(f1— p)~ fo.
(A1) Ifperngfa\rngfy, thenf;~f, - p="f,—p.
(12) fiC 1™ fo.

(13) For every sef such thatA C domf; holds(f; ™ f2)[A= f1 A

1 The propositions (1) and (2) have been removed.
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If perngfy, thenf; ™ fo—p=f1— p.

Let us consideff; and leti be a natural number. Note th&t] Sed is finite sequence-like.
The following propositions are true:

(15)
(16)
7

If f, C fo, thenfz™ L C f3~ fo.
(f1~ f2)1Sedlenfi +i) = f1 ™ (f2] Sed).
If perngfa\rngfy, thenf; ™ fo — p= 17 (f2 — p).

(19E] If f,~ fo yieldspjust once, themp € rngfi=rngf,.

(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)
(1)
(32)
(33)
(34)
(39)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)

If f1 = fo yields p just once ang € rngfy, thenf; yields p just once.
If rngf is non trivial, thenf is non trivial.

pr(p=1

P1 <P (p1, p2) = L.

If p1 # P2, thenpz <P (p1, P2) = 2.

P1 <P (P1, P2, P3) = 1.

If p1 # p2, thenpy <P (pa, P2, P3) = 2.

If p1 # ps andpz # ps3, thenpz <f (pa, P2, p3) = 3.

For every finite sequendeholds Rev(p) ~ f) = (Revf)) "~ (p).
For every finite sequendeholds ReyRev(f)) = f.

If X £y, then(x,y) «— y=(x).

If X £y, then(x,y,2) «— y= (x).

If x £ zandy # z then(x,y,2) «— z= (X, y).

xy) = x=(y).

If x £y, then(x,y,2) —y=(2).

X¥,2) = x=(y,2).

(2) »z=0and(z) —z=0.

If x £y, then(x,y) - y=20.

If x £ zandy # z then(x,y,z) — z=0.

If xerngf andy € rng(f « x), then(f « x) —y=1f «y.
If x ¢ rngfy, thenx < (f1 = (x) ™~ f2) =lenf + 1.

If f yieldsx just once, thex «f f +x < Reu(f) =lenf + 1.
If f yieldsx just once, then Ré\f — x) = ReV(f) — x.

If f yieldsx just once, then Ré\f) yieldsx just once.

2 The proposition (18) has been removed.



ON THE DECOMPOSITION OF FINITE SEQUENCES 3

3. FINITE SEQUENCES WITH ELEMENTS FROM A NON EMPTY SET

We adopt the following conventio® denotes a non empty set, p1, P2, ps denote elements &),
andf, fi, fo denote finite sequences of element®of
One can prove the following propositions:

(44) Ifpermngf,thenf —:p=(f —p)~(p).

(45) Ifperngf,thenf:—p={(p)~(f — p).

(46) If f £0,thenf; € rngf.

47) Iff#£0,thenf«p f=1

(48) Iff£A0andfy=p,thenf—:p=(p)andf:—p="f.

49) ((p1)” flu="*.

(50) (p1,p2)i1=(P2)-

(51)  (p1, P2, P3) 11 = (P2, P3)-

(52) Ifkedomf and for every such that I< i andi < k holds f; # fy, thenfy «p f = k.
(53) If p1 # p2, then(py, p2) —: P2 = (P, P2)-

(54) If p1 # p2, then(py, p2, ps) —: P2 = (P1, P2)-

(55) If p1# psandpz # ps, then(pa, P2, P3) —: P3 = (P1, P2, P3)-

(56) (p):—p=(p)and(p)—:p=(p).

(57) If p1# p2, then(py, p2) :— p2 = (p2)-

(58) If pr # p2, then(py, P2, P3) :— P2 = (P2, P3)-

(59) If p1# ps andpz # ps, then(py, P2, P3) :— P3 = (P3).-

(61F If pemgf andp«r f >k, thenp «f f =k+p«p (fji).

(62) If perngfandp«r f >k, thenp e rng(f).

(63) Ifk<iandi € domf,thenf; € rng(f).

(64) Ifperngfandp«<, f >k thenfy—:p=(f—:p)x.

(65) Ifperngfandp«r f#1 thenf1—p=(f—p)1.

(66) perng(f:—p).

(67) Ifxerngfandperngfandx«<r f > p«p f, thenx e rng(f:—p).
(68) If perngf andk <lenf andk> p < f, thenf, € rng(f:— p).
(69) If perngfy,thenfi” fo:—p=(f1:—p)~ fo.

(70) If perngfa\rngfy, thenfi ™ fo:—p=fo:—p.

(71) Ifperngfy, thenfi ™ fo—p="fi—:p.

(72) If perngfa\rngfy, thenfi~ fo—p=f1~ (f2—:p).

(73) f:—p:—p=f~f:—p.

(74) Ifpperngfandpy e rngf\rng(f —:p1), thenf — pp = (f — p1) — p2.

3 The proposition (60) has been removed.
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(75) If perngf,thenrngf =rng(f —: p)urng(f:— p).

(76) If pperngfandpy; e rngf\rng(f —:p1),thenf:—pr:—py=f:—py.
(77) Ifperngf,thenp<p (f —:p)=p<r f.

(78) fyii=fi.

(79) Ifperngf,thenf —p—p="f—:p.

(80) Ifprerngfandpz erng(f—:p1),thenf —p1—:p2=f—:po.
(81) Ifperngf,then(f—:p)~((f:—p)j1)="f.

(82) If f1 #0,then(fy™ f2)1=((f1)1) " f2.

(83) If pperngfandpy < f # 1, thenpy € rng(f)1).

84) p~r(f:—p =1

(86§ (e0) 1k =¢o.

87) flirk=(fi) k-

(88) Ifperngfandp«< f >k thenf:—p="f:—p.

(89) Ifperngfandp«r f+#1, thenf:—p="~f:—p.

(90) Ifi+k=Ilenf,then Reyf) = ReV(f)li.

(91) Ifi+k=lenf, then Reyf k) = (ReV(f));.

(92) If f yieldspjust once, then Ré¥ — p) = Reu(f) — p.

(93) If f yieldspjust once, then RéV¥ :— p) = Rev\(f) —: p.

(94) If f yieldspjust once, then Ré\f —: p) = ReV(f):—p.

4. ROTATING A FINITE SEQUENCE

Let D be a non empty set and lgtbe a finite sequence of elementsdfWe say that; is circular
if and only if:

(Def. 1) (1)1 = (I1)eenl;-

Let us consideD, f, p. The functorf © pyielding a finite sequence of elementdwfs defined
as follows:

(Def.2) fOp= { f, otherwise.

Let us consideD, let f be a non empty finite sequence of elementd® adind letp be an element
of D. Observe that © pis non empty.

Let us consideb. Observe that there exists a finite sequence of elememsifich is circular,
non empty, and trivial and there exists a finite sequence of elememsadfich is circular, non
empty, and non trivial.

One can prove the following proposition

(95) fO fy=f.

Let us consideD, p and letf be a circular non empty finite sequence of elements.oNote
thatf O pis circular.
We now state a number of propositions:

4 The proposition (85) has been removed.
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(96) If fiscircular andp € rngf, then rndf © p) =rngf.

(97) If perngf,thenperng(f O p).

(98) If perngf,then(f O p)1=0p.

(99)
(100)

(102)
(103)

(fo
(
(101) (p1,p2) O p1=(P1, P2)-
(
(

pop=Ffop
p) O p=(p).

P1, P2) O P2 = (P2, P2)-
p17 p27 p3> O pl - <pla p27 p3>

(104)  If p1 # p2, then(py, P2, P3) O P2 = (P2, P3, P2).

(105)  If p2 # ps, then(p, P2, P3) O P3 = (Ps, P2, P3).

(106) For every circular non trivial finite sequentef elements oD holds rnd f1) = rngf.
(107) g fj1) € rg(f O p).

(108) Ifpoerngf\rng(f—:p1),then(f O p1) O p2=Ff O p2.

(109) Ifpp«p f#2Landpzerngf\rng(f:—p1), then(f O p1) O p2=f O p2.

(110) If p2 € rng(f|1) andf yields p just once, thertf © p1) O p2= f O p2.

(111) If fis circular andf yields py just once, therif O p1) O p2 = f O pa.

(112) If fis circular andf yields p just once, then Ré¥ © p) = Rev(f) O p.
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