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Summary. We introduce the notion of a predicate that states that a function is one-to-
one at a given element of its domain (i.e. counterimage of image of the element is equal to its
singleton). We also introduce some rather technical functors concerning finite sequences: the
lowest index of the given element of the range of the finite sequence, the substring preceding
(and succeeding) the first occurrence of given element of the range. At the end of the article
we prove the pigeon hole principle.

MML Identifier: FINSEQ_4.
WWW: http://mizar.org/JFM/Vol2/finseq_4.html

The articlesl[¥],[[10],18],13], [11],14],11], 5], [6], [2], and.[9] provide the notation and terminol-
ogy for this paper.

For simplicity, we adopt the following ruled:is a function,p, q are finite sequences, B, x, v,
zare sets, ang k, n are natural numbers.

Let us consideff, x. We say thaf is one-to-one at if and only if:

(Def. 1) f1(fo{x}) = {x}.
The following propositions are true:
2f] If f is one-to-one a, thenx € domf.
(3) fisone-to-one atiff xe domf andf~1({f(x)}) = {x}.

(4) f is one-to-one ak iff x € domf and for everyz such thatz € domf andx # z holds

f(x) £ f(2).
(5) For everyx such thak € domf holdsf is one-to-one axiff f is one-to-one.
Let us consideff, y. We say thaf yieldsy just once if and only if:
(Def. 2) There exists a finite sBtsuch thaB = f~1({y}) and card = 1.
We now state several propositions:
(7H If fyieldsy justonce, thery € rngf.
(8) f yieldsy just once iff there exists such that{x} = f~({y}).

(9) f yieldsy just once if and only if there existssuch that € domf andy = f(x) and for
everyz such thaz € domf andz# x holds f(z) #y.

1 The proposition (1) has been removed.
2 The proposition (6) has been removed.
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(10) f is one-to-one iff for every such thaly € rngf holdsf yieldsy just once.

(11) fis one-to-one atiff x e domf andf yields f (x) just once.

Let us considef, y. Let us assume thdtyieldsy just once. The functof ~1(y) yielding a set
is defined by:

(Def. 3) f~1(y) € domf andf(f~1(y)) =vy.
We now state several propositions:
(16f] If f yieldsyjust once, therf°{f~(y)} = {y}.
(17) If f yieldsy just once, therf 1({y}) = {f~1(y)}.
(18) If f is one-to-one angl € rngf, thenf1(y) = f~1(y).
(20| If f is one-to-one at, thenf~1(f(x)) = x.

(21) If f yieldsy just once, therf is one-to-one af ~1(y).

We use the following conventior® denotes a hon empty set addd;, dy, d3 denote elements
of D.

Let us consideb and let us considet;, d;. Then(d;,dy) is a finite sequence of elementsf

Let us consideD and let us considetl;, dz, d3. Then(ds,dy,ds) is a finite sequence of elements
of D.

Let X, D be sets, lep be a partial function fronx to D, and leti be a set. Let us assume that
i € domp. The functorp; yields an element dD and is defined as follows:

(Def. 4) = p(i).

The following propositions are true:

(22) For all non empty sets, D and for every functiorp from X into D and for every element
i of X holdsp; = p(i).

(24E] For every seD and for every finite sequenéeof elements oD and for evenyi such that
1 <iandi <lenP holdsP, = P(i).

(25) (d)1=d.
(26) <d1, d2>1 = dl and(dl,d2>2 = dz.
(27) <d1, dz,d3>1 = d1 and <d1, dz,d3>2 = d2 and <d1, dz,d3>3 = d3.

Let us considep and let us considet. The functorx «p p yielding a natural number is defined
as follows:

(Def.5) x<p p=(Sgm(pL({x})))(1).
Next we state a number of propositions:
(29F] 1f x e rgp, thenp(x «p p) = x.
(30) Ifxerngp, thenx < p € domp.
(31) Ifxerngp,then 1<x <P pandx«<r p <lenp.

(32) Ifxerngp, thenx < p— 1 is a natural number and lgn- x <p p is a natural number.

3 The propositions (12)—(15) have been removed.
4 The proposition (19) has been removed.
5 The proposition (23) has been removed.
6 The proposition (28) has been removed.
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(33) Ifxerngp, thenx«p pe p~1({x}).

(34) For evenk such thak € domp andk < x <¢ p holdsp(k) # x.

(35) If pyieldsxjust once, thep=1(x) = x ¢ p.

(36) If pyieldsx just once, then for everysuch thak € domp andk # x <P p holds p(k) # x.

(37) Ifxerngpand for everyk such thak € domp andk # x <P p holdsp(k) # x, thenp yields
X just once.

(38) pyieldsxjust once iffx € rngp and{x «¢ p} = p~1({x}).
(39) If pis one-to-one and € rngp, then{x «¢ p} = p~1({x}).
(40) pyieldsxjustonce iffler{p— {x}) =lenp—1.

(41) Suppose yieldsxjust once. Let givetk such thak € dom(p— {x}). Then
() if k<x«pp,then(p—{x})(k) = p(k), and
(i) if x<p p<k, then(p—{x})(k) = p(k+1).

(42) Suppose is one-to-one and € rngp. Let givenk such thak € dom(p— {x}). Then
) (p—{x})(k) = p(K) iff k <x <P p,and
(i) (P~ {x})(K) = p(k+1)iff xpp<k

Let us considep and let us considet. Let us assume thate rngp. The functorp <« x yields
a finite sequence and is defined by:

(Def. 6) There exista such thah=x«p p—1 andp — x= p| Seg.

Next we state several propositions:

(45 If xerngpandn=x«p p—1, thenp[Segh=p «— x.

(46) Ifxerngp, thenlerfp«— x)=x«r p—1.

(47) Ifxerngpandn=x«<r p—1, then donfp «+ x) = Seqn.

(48) Ifxerngpandk e dom(p < x), thenp(k) = (p « x)(Kk).

(49) If xerngp, thenx ¢ rng(p < X).

(50) If x € rngp, then rnd p < x) misses{x}.

(51) Ifxerngp, then rndp — x) C rngp.

(52) Ifxerngp,thenx p=1iff p—x=0.

(53) Ifxerngpandpis a finite sequence of elements@fthenp < x is a finite sequence of
elements oD.

Let us considep and let us considet. Let us assume thate rngp. The functorp — x yielding
a finite sequence is defined by:

(Def. 7) len(p— X) =lenp—x < p and for everyk such thak € dom(p — x) holds(p — x)(k) =
p(K+X <P p).

One can prove the following propositions:

(57 If x e rngpandn=lenp—x < p, then donip — x) = Seqn.

" The propositions (43) and (44) have been removed.
8 The propositions (54)—(56) have been removed.
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(58) If xerngpandn e dom(p— x), thenn+x P p € domp.

(59) Ifxerngp, then rndp — x) C rngp.

(60) pyieldsxjust once iffx € rngp andx ¢ rng(p — X).

(61) If xerngpandpis one-to-one, ther ¢ rng(p — X).

(62) pyieldsxjustonce iffx € rngp and rndp — X) misses{x}.

(63) Ifxerngpandpis one-to-one, then rig — x) misses{x}.

(64) Ifxerngp,thenx«r p=Ilenpiff p—x=0.

(65) Ifxerngpandpis a finite sequence of elements@fthenp — x is a finite sequence of
elements oD.

(66) Ifxerngp,thenp=(p—Xx)~ ()" (p— X).

(67) If xerngpandp is one-to-one, thep « x is one-to-one.

(68) Ifxerngpandpis one-to-one, thep — x is one-to-one.

(69) pyieldsxjustonce iffx e rngpandp—{x} = (p«—x) ™ (p — X).

(70) Ifxerngpandpis one-to-one, thep— {x} = (p«—Xx) " (p — X).

(71) Ifxerngpandp— {x} is one-to-one ang— {x} = (p — X) ~ (p — X), thenp is one-to-
one.

(72) If xe rngp andp is one-to-one, then r{@ < x) misses rngp — X).

(73) If Ais finite, then there existg such that rngp = A andp is one-to-one.

(74) If rngp C domp andp is one-to-one, then rng= domp.

(75) If rngp =domp, thenp is one-to-one.

(76) If rngp=rngg and lernp = leng andq is one-to-one, thep is one-to-one.

(77) pis one-to-one iff cardrng = lenp.

In the sequef denotes a function from into B.
We now state four propositions:

(78)

(79)

For all finite set#\, B and for every functiorf from A into B such that card = cardB and

f is one-to-one holds rnj= B.

For all finite set#\, B and for every functiorf from A into B such that caré = cardB and

rngf = B holdsf is one-to-one.

(80)
(81)

If B < AandB # 0, then there exist, y such thak € Aandy € Aandx# yandf(x) = f(y).

IfA < E, then there exists such thak € B and for everyy such thay € A holds f (y) # x.



(1
(2]

(3]

4

(5]

(7]

8

19

[10]

[11]

PIGEON HOLE PRINCIPLE 5

REFERENCES

Grzegorz Bancerek. Cardinal numbedsurnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/card_1.html}

Grzegorz Bancerek. The fundamental properties of natural numidetsnal of Formalized Mathematicd, 1989.http://mizar.
org/JFM/Voll/nat_1.htmll

Grzegorz Bancerek and Krzysztof Hryniewiecki. Segments of natural numbers and finite seqdemces.of Formalized Mathematics
1,1989)http://mizar.org/JFM/Voll/finseq_l.htmll

Czestaw Bylhski. Functions and their basic propertidsurnal of Formalized Mathematics, 1989 http://mizar.org/JFM/Voll/
funct_1.html.

Czestaw Bylhski. Functions from a set to a sédburnal of Formalized Mathematic$, 1989/http://mizar.org/JFM/Voll/funct_
2. htmll

Agata Darmochwat. Finite setSournal of Formalized Mathematic$, 1989.http://mizar.org/JFM/Voll/finset_1.html]

Andrzej Trybulec. Tarski Grothendieck set theodpurnal of Formalized Mathematicéxiomatics, 1989 http://mizar.org/JFM/
Axiomatics/tarski.htmll

Andrzej Trybulec. Subsets of real numbedsurnal of Formalized MathematicAddenda, 2003http: //mizar.org/JEM/Addenda/
numbers.htmll

Wojciech A. Trybulec. Non-contiguous substrings and one-to-one finite sequedoesnal of Formalized Mathematic®, 1990.
http://mizar.org/JFM/Vol2/finseq_3.htmll

Zinaida Trybulec. Properties of subselsurnal of Formalized Mathematic$, 1989http://mizar.org/JFM/Voll/subset_1.html}

Edmund Woronowicz. Relations and their basic propertisirnal of Formalized Mathematic4, 1989.http://mizar.org/JFM/
Voll/relat_1.html}

Received April 8, 1990

Published January 2, 2004


http://mizar.org/JFM/Vol1/card_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/nat_1.html
http://mizar.org/JFM/Vol1/finseq_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_1.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/funct_2.html
http://mizar.org/JFM/Vol1/finset_1.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Axiomatics/tarski.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Addenda/numbers.html
http://mizar.org/JFM/Vol2/finseq_3.html
http://mizar.org/JFM/Vol1/subset_1.html
http://mizar.org/JFM/Vol1/relat_1.html
http://mizar.org/JFM/Vol1/relat_1.html

	pigeon hole principle By wojciech a. trybulec

