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Summary. The article includes: theorems related to domains, theorems related to
Cartesian products presented earlier in various articles and simplified here by substituting
domains for sets and omitting the assumption that the sets involved must not be empty. Several
schemes and theorems related to Fraenkel operator are given. We also redefine subset yielding
functions such as the pair of elements of a set and the union of two subsets of a set.

MML Identifier: DOMAIN_1.

WWW: http://mizar.org/JFM/Voll/domain_1.html

The articlesl[3],[[2],1],[[5], and [4] provide the notation and terminology for this paper.

For simplicity, we adopt the following rules, b, ¢, d denote setd), X1, X2, X3, X4 denote non
empty setsxi, Y1, z2 denote elements of;, X denotes an element &%, X3 denotes an element of
X3, X4 denotes an element &, andA;, B; denote subsets of.

The following propositions are true:

Of] 1f ac [Xq, X2, then there existy, x2 such thag = (x1, X2).
(12E] For all elements, y of [ X3, X2 ] such thai; = y; andx, = y, holdsx =y.

Let us consideK;, Xz, X1, X2. Then(xs, X2} is an element of X3, X»1.

Let us consideky, X, and letx be an element of X1, Xz]. Thenx; is an element 0K;. Then
X2 is an element oKo.

We now state three propositions:

(15f] a€ [Xe, Xo, X3 iff there existxq, Xz, X3 such thag = (X1, Xz, X3).

(16) If for everyaholdsa € D iff there existxs, X2, X3 such tha = (x4, X2, X3), thenD = [ Xy,
X2, X31].

(17) D = [ Xy, X2, X3 iff for every a holdsa € D iff there existxy, X2, X3 such that = (x1, X2,
X3).

In the sequek, y denote elements difXy, Xz, X3 1.
Let us consideKy, X2, X3, X1, X2, X3. Then{xq, Xz, X3) is an element of X1, X, X3 1.
The following propositions are true:

(24ff] a=xq iff for all xq, Xz, X3 such thak = (xq, X, Xs) holdsa = x;.

1 The propositions (1)—(8) have been removed.

2 The propositions (10) and (11) have been removed.
3 The propositions (13) and (14) have been removed.
4 The propositions (18)—(23) have been removed.
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(25) b=xiff for all x1, X, X3 such tha = (x1, X2, X3} holdsb = x,.

(26) c=xziffforall x1, X2, X3 such tha = {xg, X, x3) holdsc = Xs.

(28E] If X, =y; andxy =y, andxz = y3, thenx =Y.

(31@ ac [ X1, Xo, X3, Xa ] iff there existxy, X2, X3, X4 such thatn = (X1, X2, X3,Xa).

(32) If for everya holdsa € D iff there existxy, Xp, X3, X4 such thata = (x1,X2, X3, X4), then
D = [Xg, X2, X3, X4

(33) D = [Xq, Xp, X3, X4 iff for every a holdsa € D iff there existx;, X2, X3, X4 such that
a= (X17X27)Q37X4)'

In the sequek denotes an element pXy, X2, X3, X41.

Let us considey, Xp, X3, Xa, X1, X2, X3, Xa. Then{Xy,Xp,X3,X4) is an element of X3, Xz, X3,
Xa1.
Next we state several propositions:

(40 a=x iff for all xi, X, X3, X4 such tha = (x3,X2,%3,X4) holdsa = x;.
(41) b=xiff for all x1, X, X3, X4 such thak = (x1,X2,%3,X4) holdsb = x,.
(42) c=xsiffforall x1, X2, X3, X4 such tha = (Xq, Xp,X3,Xa) holdsc = xz.
(43) d=xqiffforall x1, X2, X3, X4 such tha = (Xq, X2, X3,Xa) holdsd = x4.

(45 For all element, y of [ X1, Xp, X3, X4 ] such thatx; = y; andx; = y» andxz = y3 and
X4 = Y4 holdsx =Y.

In the sequel; denotes a subset &%, Az denotes a subset &%, andA4 denotes a subset of
Xa.
In this article we present several logical schemes. The schieaenkellconcerns a unary
predicateP, and states that:
For everyX; holds{x; : P[x1]} is a subset 0K;
for all values of the parameters.
The schemé&raenkel2concerns a binary predicaf® and states that:
For all X1, Xp holds{(x1, X2} : P[x1,%2|} is a subset of X1, X> ]
for all values of the parameters.
The schemé&raenkel3concerns a ternary predicafe and states that:
For all Xq, X2, X3 holds{(x1, X2, X3) : P[X1,X2,%3]} is a subset of X1, X2, X3]
for all values of the parameters.
The schemé&raenkeldconcerns a 4-ary predicate and states that:
For all X3, X2, X3, Xa holds{{x1,%2,X3,Xa) : P[X1,X2,X3,X4]} iS & subset of Xi, Xz,
X3, X4
for all values of the parameters.
The schemé&raenkel5concerns two unary predicat@s Q, and states that:
For everyX; such that for every; such thatP[x;] holds Q[x;] holds{y1 : P[yi]} C
{zn: Q[a]}
for all values of the parameters.
The schemé&raenkel6concerns two unary predicat@s Q, and states that:
For everyX; such that for every; holds P[xy] iff Q[x1] holds{y:: P[y1]} = {z :
Qlz}
for all values of the parameters.
The schem&ubsetDleals with a non empty set and a unary predicatg, and states that:

5 The proposition (27) has been removed.

6 The propositions (29) and (30) have been removed.
7 The propositions (34)—(39) have been removed.

8 The proposition (44) has been removed.
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{d;d ranges over elements &f: ?[d]} is a subset o4
for all values of the parameters.
One can prove the following propositions:

@8f] X1 ={x}.

(49) [ Xq, X2] = {{x1, %2} }.

(50) [ X1, X2, X3 = {{x1, X2, X3} }.

(51) [ X1, X2, X3, Xa] = {{X1,%2,X3, X4} }.

(52) A1={x1:%x1€A}.

(53) [ALA]={{X1,%2) : X1 € AL A X2 € Ap}.

(54) AL AL A3]={(X1,%2,X3) : X1 EAL A X2 € A A X3 € Ag}.
(55) [A1 A2, Az, Ag] = {{X1,%2,X3,X4) i X1 EAL A X2 €E A2 A X3 €Az A Xq € As}.
(56) Ox,) = {x: : contradictiof] }.

(57) AC={x1:x1¢ M}

(58) A1NBi={x1:x1 €A1 A X1 €By}.

(59) AtUB1={x1:x1 €A1 V X1 €By}.

(60) Al\Bi={x1:x1 €A1 A X1 ¢By}.

61) Ar=Bi={x1: X1 €A AX1¢B1V x1¢ A A XgEBa}.
62) Av=Bi={x1:x1¢ A1 & X3 €By}.

(63) Av=Bi={x1:x1 €A1 & X1 ¢ By}.

64) As-Bi={x1:x1 €A & X1 ¢ By}.

Let D be a non empty set and let be an element dD. Then{x;} is a subset oD. Letx, be
an element oD. Then{xs,x,} is a subset oD. Letxz be an element dD. Then{xs,xy,X3} is a
subset oD. Letxq4 be an element dD. Then{xy,x2,X3,X4} is a subset ob. Letxs be an element
of D. Then{x1,%2,X3,%4,Xs} is @ subset oD. Letxs be an element dD. Then{xy, X2, X3, Xa, X5, X6 }
is a subset oD. Letx; be an element dD. Then{xi,X2,X3,X4,Xs,Xs, X7} IS @ subset oD. Let xg
be an element dD. Then{xi, X2, X3, X4, X5, Xs,X7,Xg} IS a subset ob.
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