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Summary. The following notions are defined: separated sets, connected spaces, con-
nected sets, components of a topological space, the component of a point. The definition of the
boundary of a set is also included. The singleton of a point of a topological space is redefined
as a subset of the space. Some theorems about these notions are proved.

MML Identifier: CONNSP_1.
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The articlesl[3],[[4],[[1],[2], and [5] provide the notation and terminology for this paper.

For simplicity, we use the following conventio®; is a topological spacé, B, C are subsets
of Gp, Ty is a topological structure, ari€, K1, L, L; are subsets of;.

Let G; be a topological structure and &tB be subsets db;. We say thafA andB are separated
if and only if:

(Def. 1) AmissesB andA missesB.

Let us note that the predicafeandB are separated is symmetric.
We now state several propositions:

(ZH If K andL are separated, théimissed..
(3) 1f Q) =KuLandK s closed and. is closed an missed., thenK andL are separated.
(4) 1f Q) =AuUBandAis open and is open anch missesB, thenA andB are separated.

(5) If Qg,) =AUBandA andB are separated, thehis open and closed artélis open and
closed.

(6) LetX’ be a subspace @,, P;, Q1 be subsets of;, andP, Q be subsets ok’. Suppose
P=P; andQ = Q. If PandQ are separated, théh andQ; are separated.

(7) LetX’ be a subspace @, P, Q be subsets ofs;, andP;, Q; be subsets oX’. Suppose
P=P; andQ = Q1 andPUQ C Qy . If PandQ are separated, théh andQ; are separated.

(8) If KandL are separated ar¢) C K andL; C L, thenK; andL; are separated.
(9) If AandB are separated amlandC are separated, theéhandBUC are separated.

(10) IfKis closed and. is closed oK is open and. is open, therK \ L andL \ K are separated.

Let G; be a topological structure. We say ti@at is connected if and only if:

1 The proposition (1) has been removed.
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(Def. 2) For all subsets, B of G; such thaf)(g,) = AUB andA andB are separated holds=0g,)
orB=04g,.
(G1)

Next we state several propositions:

(11) Gy is connected if and only if for all subsefs B of G; such thatQ,) = AUB and
A# 0., andB # 0g,) andAis closed and is closed hold#\ meetsB.

(12) Gy is connected if and only if for all subsefs B of G; such thatQ,) = AUB and
A# 0, andB # 0,) andAis open and is open holdsA meetsB.

(13) Gu is connected iff for every subsétof G; such thatA # 0g,) andA # Q(g,) holds A
meetsQ g, \ A

(14) Gy is connected iff for every subsAtof G; such that is open and closed holds= 0g,)
orA=Qg,)-
(G1)

(15) LetG; be a topological space attibe a map fron(G; into Gy. If F is continuous and
FO(Q<(31)) = Q(g,) andG;, is connected, theG; is connected.

Let G; be a topological structure and latbe a subset oB;. We say thaf\ is connected if and
only if:

(Def. 3) Gz[Ais connected.

The following propositions are true:

(16) Ais connected if and only if for all subse®s Q of G; such thath = PUQ andP andQ are
separated holdB = 0,y or Q= 0g,)-

(7) If Ais connected and C BUC andB andC are separated, théC BorAC C.

(18) If Ais connected anB is connected and andB are not separated, théw B is connected.
(19) IfCis connected an@ C AandA C C, thenA is connected.

(20) If Ais connected, theA is connected.

(21) Supposes; is connected and is connected an®,) \ A= BUC andB andC are sepa-
rated. TherAUB is connected andUC is connected.

(22) 1fQe,) \A=BUC andB andC are separated andlis closed, therAUB is closed and
AUC is closed.

(23) IfCis connected an@ meetsA andC\ A # 0g,), thenC meets FA.

(24) LetX’ be a subspace @, A be a subset aB1, andB be a subset ok’. If A= B, thenA
is connected ifB is connected.

(25) If Alis closed and is closed andAU B is connected ané N B is connected, theA is
connected an8 is connected.
(26) LetF be a family of subsets d@&;. Suppose that
(i) for every subsef of G; such thatA € F holdsA is connected, and

(i)  there exists a subsétof G; such thatA # 0,) andA € F and for every subse of G;
such thaB € F andB # A holdsA andB are not separated.

ThenJF is connected.

(27) LetF be afamily of subsets @b1. Suppose for every subs&bf G; such thatA € F holds
Ais connected an@\F # 0g,)- Then{JF is connected.

(28) Qg,) is connected iff51 is connected.
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(29) For every non empty topological spa@Ge and for every poink of G; holds {x} is con-
nected.

Let G; be a topological structure and bety be points ofG;. We say thak andy are joined if
and only if:

(Def. 4) There exists a subgetof G; such thatC is connected and € C andy € C.

The following four propositions are true:

(30) LetG; be a non empty topological space. Given a pgiof G; such that letyy be a point
of G1. Thenx andy are joined. Thei3; is connected.

(31) There exists a pointof G; such that for every pointof G; holdsx andy are joined if and
only if for all pointsx, y of G; holdsx andy are joined.

(32) LetGy be a non empty topological space. Suppose that for all prigtef G; holdsx and
y are joined. Thel®; is connected.

(833) LetG; be a non empty topological spacghe a point 0fG1, andF be a family of subsets
of G1. Suppose that for every subgebf G; holdsA € F iff Ais connected ande A. Then
F#£0.

Let G; be a topological structure and l&the a subset oB;. We say tha# is a component of
G if and only if:

(Def. 5) Ais connected and for every sub&bf G; such thaB is connected holds iA C B, then
A=B.

We now state several propositions:

(34) For every non empty topological spa@g¢ and for every subsék of G; such thatA is a
component of5; holdsA # 0 g,).

(35) If Ais a component of;, thenAis closed.
(36) If Aisacomponent 06; andB is a component 0B;, thenA = B or AandB are separated.
(37) If Ais a component of5; andB is a component o6;, thenA = B or A missesB.

(38) If Cis connected, then for every sub&atf G; such thatSis a component o061 holdsC
missesSorC C S.

Let G; be a topological structure and l&tB be subsets aB;. We say thaB is a component of
Aif and only if:

(Def. 6) There exists a subs®t of G1JA such thaB; = B andB; is a component 061 [A.

The following proposition is true

(39) If Gy is connected and is connected an@ is a component o, ) \ A, thenQ(g,) \Cis
connected.

Let G; be a topological structure and bebe a point 0fG;. The functor Compone(i) yielding
a subset 0f31 is defined by the condition (Def. 7).

(Def. 7) There exists a famillf of subsets 0f5; such that for every subsatof G; holdsA € F iff
Ais connected and e A andJF = Componentx).

In the sequet; denotes a non empty topological spasg; denote subsets @1, andx denotes
a point ofG;.
We now state several propositions:
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(40) x e Componen(x).

(41) Componerfk) is connected.

(42) If Cis connected and ComponéxitC C, thenC = Componen(x).

(43) Ais a component 0B iff there exists a poink of G; such thatA = Componen(tx).
(44) If Ais a component oB; andx € A, thenA = Componentx).

(45) If A= Componen(x), then for every poinp of G; such thatp € A holds Componeiip) =
A

(46) LetF be a family of subsets db;. Suppose that for every subgebf G; holdsA € F iff
Ais a component 06;. ThenF is a cover oiG;.
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