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Summary. Formalizes the basic concepts of binary arithmetic and its related opera-
tions. We present the definitions for the following logical operators: 'or’ and 'xor’ (exclusive
or) and include in this article some theorems concerning these operators. We also introduce
the concept of am-bit register. Such registers are used in the definition of binary unsigned
arithmetic presented in this article. Theorems on the relationships of such concepts to the
operations of natural numbers are also given.
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The articles[[14],[[9],[[1/7],[[2],13],[[15],T1],[118],[11B], 171,181,161, 141, [18],[12],[[10],[[5], 114],
and [16] provide the notation and terminology for this paper.

Let us note that there exists a natural number which is non empty.

Next we state four propositions:

(1) For all natural numbeiis j holds+x(i, j) =i+ j.

(2) Leti, nbe natural number§) be a non empty sed, be an element db, andz be an-tuple
of D. If i € Sen, then(z™ (d)); = z.

(3) Letnbe a natural numbeD be a non empty setl be an element db, andz be an-tuple
of D. Then(z™ (d))n+1 =d.

(SH For all natural numbers n such thai € Segn holdsi is non empty.
Letx, y be boolean sets. The functov y is defined as follows:
(Def. 1) xVy=—(=xA=y).
Let us note that the functorv y is commutative.
Letx, y be boolean sets. The functogy is defined by:
(Def. 2) XPy=-XAYVXA-Y.

Let us note that the functord y is commutative.

Letx, y be boolean sets. One can check thaty is boolean.

Letx, y be boolean sets. One can verify that y is boolean.

Letx, y be elements oBoolean ThenxVy is an element oBoolean Thenx@y is an element
of Boolean

In the sequek, y, zare boolean sets.

Next we state a number of propositions:

1 The proposition (4) has been removed.
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(7H xV false= x.
(Qﬂ —(XAY) ==XV Y.
(10) —(xVy)=-xA-Y.
(12@ XAY = =(=XV —y).
(13) true@x=—x
(14) false®x=x.
(15) x@x=false
(16) xAx=x
(A7) x®-x=true
(18) xVv-x=true.
(19) xVvtrue=true
(20) (xvy)vz=xV(yVvz).
(21) xvx=x
(22) xA(yVz) =XAYyVXAZ
(23) xVyAz=(XVY)A(XxV2z).
(24) XVXAy=X
(25) xA(xVy)=x.
(26) XV -XAYy=XVYV.
(27) XA (—XVY) =XAY.
(33F trues false=true.
(34) (x@y)®©z=x®(yd2).
(35) X®-XAYy=XVYV.
(36) xV(x@y)=xVYy.
(37) xV(—x@y)=xV-y.
(38) XA(y®z) =XAYDXAZ
Leti, j be natural numbers. The functior’ j yields a natural number and is defined as follows:

o, =], ifi—j>0,
(Def.3) i) = { 0, otherwise.
The following proposition is true
(39) For all natural numbeiisj holds(i+j) —'j =1.

We adopt the following conventiomis a natural numben is a non empty natural number, and
X, ¥, 21, Z» aren-tuples ofBoolean

Let n be a natural number and ebe an-tuple ofBoolean The functor—x yields an-tuple of
Booleanand is defined as follows:

2 The proposition (6) has been removed.

3 The proposition (8) has been removed.

4 The proposition (11) has been removed.

5 The propositions (28)—(32) have been removed.
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(Def. 4)  For every such thaf € Segn holds(—x); = —(x).

Letn be a non empty natural number andXgey ben-tuples ofBoolean The functor carrgx,y)
yielding an-tuple of Booleanis defined as follows:

(Def. 5) (carry(x,y))1 = falseand for everyi such that 1< i andi < n holds (carry(X,y))i+1 =
X AYi VXA (carry(xy))i Vi A (carmy(x,y))i.

Let n be a natural number and Ietbe an-tuple of Boolean The functor Binaryx) yields a
n-tuple ofN and is defined as follows:

(Def. 6) For every such that € Segn holds(Binary(x)); = (x = false— 0,2~'1).

Let n be a natural number and Ietbe an-tuple of Boolean The functor Absvak) yields a
natural number and is defined as follows:

(Def. 7) Absvalx) = +y ® Binary(x).
Let us considen, x, y. The functorx+y yielding an-tuple ofBooleanis defined by:
(Def. 8) For every such that € Segn holds(x+Y)i =X @Y; @ (carry(x,y));.

Let us considen, z1, ;. The functor advfl(z,2) yielding an element dBooleanis defined
as follows:

(Def. 9) addovfl(z1,22) = (z1)n A (Z2)nV (z1)n A (CAITY(Z1,22) )n V (Z2)n A (CarrY(z1,22) )n.

The scheménd from 1concerns a unary predicate and states that:
For every non empty natural numbeholds? K]
provided the parameters meet the following requirements:
e P[1],and
e For every non empty natural numbesuch that?[k] holds?[k+ 1].
Let us considen, z;, z,. We say thar; andz, are summable if and only if:

(Def. 10) addovfl(z,z) = false
We now state three propositions:
(40) For every 1-tuple; of Booleanholdsz; = (falsé or z; = (true).
(41) For every 1-tuple; of Booleansuch thatz; = (false holds Absva(z;) = 0.
(42) For every 1-tuple; of Booleansuch that; = (true) holds Absvalz) = 1.

Let n; be a non empty natural number, tetbe a natural number, |€ be a non empty set, let
7 be an;-tuple of D, and letz; be any-tuple of D. Thenz ™ z is an; + ny-tuple of D.

Let D be a non empty set and léte an element dD. Then(d) is a 1-tuple oD.

We now state several propositions:

(43) Letz, z» ben-tuples ofBoolean di, d» be elements dBoolean andi be a natural number.
If i € Seon, then(carry(z; ~ (d1),2 "~ (dy)))i = (carry(z1,2));.

(44) For all ntuples z, z of Boolean and for all elementsd;, d» of Boolean holds
addovfl(z;,z) = (carry(zz ™ (d1),2 ™ (d2)) )nt1-

(45) For alln-tuplesz;, z; of Booleanand for all elementsl;, d» of Booleanholdsz; ~ (di) +
2,7 (dp) = (z1+22) " (d1 @ d2 B add ovfl(z1,22)).

(46) For evenn-tuplez of Booleanand for every element of Booleanholds Absvalz™ (d)) =
Absvalz) + (d = false— 0,2").

(47) Forevennand for alln-tuplesz;, z; of Booleanholds Absvalz; +z,) + (add.ovfl(z1,z) =
false— 0,2") = Absval(z;) + Absvalz).

(48) For alln-tuplesz;, z; of Booleansuch thaiz; andz, are summable holds Absya +z,) =
Absval(z;) + Absvalz,).
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