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The articles([14],[10],[116],[[15],[117],.18],.13].[14],[15],[113],12],[19], [[1R], 1], [[B],[11], and]7]
provide the notation and terminology for this paper.

We follow the rulesk, n denote natural numbers,y, z, y1, y2, X denote sets, anfl denotes a
function.

One can prove the following propositions:

(1) nen+1.

(2) Ifk<n,thenk=knn.
(3) Ifk=knn,thenk<n.
4) nu{n}=n+1

(5) SemCn+1

(6) n+1={0}uSen.

(7) For every functiom holdsr is finite and transfinite sequence-like iff there existaich that
domr =n.

Let us observe that there exists a function which is finite and transfinite sequence-like.

A finite 0-sequence is a finite transfinite sequence.

In the sequep, g, r denote finite 0-sequences.

Observe that every set which is natural is also finite. Let us congidé@ne can check that
domp is natural.

Let us considep. Thenp is a natural number and it can be characterized by the condition:

(Def. 1) P =domp.

We introduce lep as a synonym of.
Let us considep. Then donpis a subset oN.
We now state the proposition

(8) Ifthere existk such that donfi C k, then there existp such thatf C p.

In this article we present several logical schemes. The sché€begExdeals with a natural
number4 and a binary predicat®, and states that:
There existp such that donp = 4 and for evenk such thak € 4 holds Pk, p(k)]
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provided the following requirements are met:
e Forallk, y1, y» such thak € 4 andP[k,y1] and?[k, y»] holdsy; = y», and
e For everyk such thak € 4 there existx such thatP[k, x].
The schem&SeqlLambdaeals with a natural numbet and a unary functof yielding a set,
and states that:
There exists a finite 0-sequenpsuch that lep = 4 and for evenk such thak € 4
holdsp(k) = F (k)
for all values of the parameters.
Next we state several propositions:

(9) If ze p, then there existk such thak € domp andz = (k, p(k)).
(10) If domp = domg and for everk such thak € domp holds p(k) = q(k), thenp=q.
(11) Iflenp=lenqand for evenk such thak < lenp holdsp(k) = q(k), thenp=q.
(12) p[nis afinite 0-sequence.
(13) Ifrngp € domf, thenf - pis a finite 0-sequence.

(14) Ifk<lenpandq= p[k, then lerg =k and donmg = k.

Let D be a set. Observe that there exists a transfinite sequence of elembnigith is finite.
Let D be a set. A finite 0-sequence Bfis a finite transfinite sequence of element®of
The following proposition is true

(15) For every seb holds every finite 0-sequence Dfis a partial function fronN to D.

One can check thdtis transfinite sequence-like.

LetD be a set. One can verify that there exists a partial function famD which is finite and
transfinite sequence-like.

In the sequeD is a set.

One can prove the following propositions:

(16) For every finite 0-sequengeof D holdsplk is a finite 0-sequence &.
(17) For every non empty sEtthere exists a finite 0-sequenp®f D such that lep = k.

Let us note that there exists a finite 0-sequence which is empty.
Next we state two propositions:

(18) lenp=0iff p=0.
(19) For every seb holds0 is a finite 0-sequence @.

Let D be a set. Note that there exists a finite 0-sequen&ewfiich is empty.
Let us considek. The functor{ox) yields a set and is defined by:

(Def. 2) {ox) = {{0,x)}.

LetD be a set. The functd) yields an empty finite 0-sequence®fand is defined as follows:
(Def. 3) ()p=0.

Let us considep, g. Note thatp ™ qis finite. Thenp™ g can be characterized by the condition:

(Def. 4) donmip~q) =lenp+lengand for evenk such thak € domp holds(p~ q)(k) = p(k) and
for everyk such thak € domg holds(p~ q)(lenp+k) = q(k).

Next we state a number of propositions:

(20) lenp~q)=Ilenp+leng.
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If lenp < kandk < lenp-+lenq, then(p~ q)(k) = g(k—lenp).

Iflenp < kandk < len(p™q), then(p~ q)(k) = q(k—lenp).

If ke dom(p™ q), thenk € domp or there exist® such than € domq andk = lenp+n.
For all transfinite sequencesq holds donp C dom(p™q).

If x e domgq, then there existk such thak = x and lemp+k € dom(p~ q).
If k € domq, then lerp+k € dom(p~ q).

rngp C rng(p~ q).

rngg € mg(p~ q).

rngp~ q) =rngpurngq.

(Pma)"r=p~(a"r).

fp~r=q-rorr~p=r~gq,thenp=q.

p~0=pandd” p=p.

If p~g=0,thenp=0andq=0.

Let D be a set and lep, g be finite 0-sequences &f. Thenp™ qis a transfinite sequence of
elements oD.
Let us considek. Then(px) is a function and it can be characterized by the condition:

(Def. 5)

dompx) = 1 and{ox)(0) = x.

Let us considek. Note that(ox) is function-like and relation-like.
Let us consider. Observe thafpx) is finite and transfinite sequence-like.
We now state the proposition

(34)

Suppose ™ q is a finite 0-sequence @. Thenp is a finite 0-sequence & andq is a

finite 0-sequence db.

Let us considek, y. The functor(px,y) yielding a set is defined by:

(Def. 6)

(0%,Y) = (0X) ~ (oY)

Let us consider. The functor(px,y,2) yielding a set is defined as follows:

(Def. 7)

(0%,,2) = (0X) ™ (oY) ~ (02)-

Let us considex, y. One can verify thafox, y) is function-like and relation-like. Let us consider
z. Observe thafox, Y, 2) is function-like and relation-like.

Let us considek, y. Note that(gx,y) is finite and transfinite sequence-like. Let us consider
Observe thatox,y, z) is finite and transfinite sequence-like.

One can prove the following propositions:

(39)
(36)
(37)
(38)
(39)
(40)

{0 = {(0,%)}.

(ox) iff domp=1 and rngp = {x}.

(oX) iff len p= 1 and rng = {x}.

p
p
p = (ox) iff len p=1 andp(0) =
(%)~ P)(0) =x.

(
(P~ (0x))(lenp) = x.
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(41) (oX.¥,2) = (oX) " (0¥: 2) and(ox,y,2) = (oX,Y) ~ {02)-

(42) p={pxy) ifflen p=2 andp(0) = xandp(1) =y.

(43) p={oxy,2 ifflen p=3 andp(0) = xandp(l) =yandp(2) =z
(44) If p#£0, then there exist, x such thatp =g~ (oX).

Let D be a non empty set and kebe an element dD. Then(px) is a finite 0-sequence &.
The scheméndXSeqconcerns a unary predicate and states that:
For everyp holds?[p]
provided the parameters meet the following requirements:
e P[0], and
e For all p, x such thatP[p] holds?[p~ (px)].
We now state the proposition

(45) For all finite 0-sequences q, r, ssuch thatp™ q=r "~ sand lerp < lenr there exists a
finite 0-sequencesuch thap~t =r.

Let D be a set. The functdd® yields a set and is defined as follows:
(Def. 8) xe D@iff xis a finite 0-sequence @.

Let D be a set. Note thdd® is non empty.
The following propositions are true:

(46) x e D@iff xis a finite 0-sequence &.
(47) 0eDv.

The schem&epXSedeals with a non empty se¢t and a unary predicatg, and states that:
There existsX such that for everx holdsx € X iff there existsp such thatp € 4®
and?[p] andx=p

for all values of the parameters.

Let p be a finite 0-sequence and letx be sets. One can check that+- (i,x) is finite and
transfinite sequence-like. We introduce Replacex) as a synonym op—+- (i,X).

The following proposition is true

(48) Let p be a finite O-sequencei be a natural number, and be a set. Then
lenReplacép,i,x) = lenp and ifi < lenp, then (Replacép,i,x))(i) = x and for every nat-
ural numberj such thatj # i holds(Replacép,i,x))(j) = p(j)-

Let D be a non empty set, lgtbe a finite 0-sequence &, leti be a natural number, and lat
be an element dD. Then Replacg,i,a) is a finite 0-sequence &f.
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